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Abstract. We seek all roots of a polynomial given with its real or complex coefficients
or all its roots lying in a fixed convex domain of the complex plane. Some recentl al-
gorithms accelerating classical subdivision iterations solve that problem at near-optimal
bit-operation cost for worst-case inputs and can be applied to black box polynomials,
represented by an oracle (black box subroutine) for their evaluation rather than their
coefficients. Nevertheless, we present dramatic semi-heuristic acceleration of these algo-
rithms. Our root-finders, running at the cost below the known lower bound, must fail for
worst-case inputs, but we have never encountered them in our numerical tests.
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1 Introduction

1.1 State of the Art

The 4-millennia old problem of univariate polynomial root-finding is still a major research sub-
ject of Computer Algebra and Symbolic-Numeric Computing (see Sec. 1. 3 for brief history and
related works).

Problem 0. Given d + 1 real or complex coefficients of a dth degree polynomial

d d

pi=p) =Y pir’=ps [[(x—2), pa #0, (1)

i=0 j=1

a convex domain D in the complex plane, and a real b, approximate within 1/2° all mp < d
roots! of p lying in D.

Much more limited was the study of Problem 1, which is Problem 0 for a black box poly-
nomial p, represented by an oracle (a black box subroutine) for its evaluation rather than its
coefficients.

It is harder to devise black box polynomial root-finders, but they run faster where a polyno-
mial can be evaluated faster, e.g., is sparse, is the sum of a small number of shifted monomials
such as (x — ¢;)?, or is Mandelbrot-like, defined by a recurrence, such as p;(x) := z, p;1(z) :=
xp2(z) + 1,7 = 1,2,...,k (see some recent empirical progress in root-finding for Mandelbrot
polynomials in [1, 20]). Moreover, black box polynomial root-finding avoids the well-known heavy
penalty of the coefficients swell for root-squaring and shifting and scaling the variable, which
are basic operations for some popular polynomial root-finders.

By combining polynomial evaluation and interpolation, we can transform Problems 0 and
1 into one another but at a much higher cost than the cost of root-finding itself in various
important applications where mp < d (see Appendix A).

! We always count roots with their multiplicities and consider a root of multiplicity ;¢ numerically - as
a root cluster of u simple roots infinitely close to each other.
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[25-27] solve Problems 0 and 1 at the cost of numerical evaluation of p at O(m? log(d) log(b))
points with O(blog(d)) bit precision provided that at most m := mps roots lie in the J-
neighborhood of a domain D for a fixed small § > 0. With incorporation of the breakthrough of
[18,9] for multipoint polynomial evaluation,? this enables solution of Problem 0 for worst-case
inputs by using O((m? + d)b) bit-operations up to a polylog factor in b + d.

Up to such a factor, that upper bound matches the lower bound 0.25b max(d + 1, (m + 1)m)
of [25, Cor. B.3|. In words, the root-finders of [25-27] run nearly as fast as one reads coefficients
with a precision required for the task.

1.2 Technical background

Subdivision root-finders, traced back to Herman Weyl’s paper [30] of of 1924, have been accel-
erated in [8,28,22] and recently - to near-optimal level - in the papers [25-27], which reduce
root-finding to o-soft exclusion/inclusion (e/i) tests of O(m) complex discs for any fixed o be-
tween 1 and v/2 and to at most 2m — 2 disc compression steps, in turn reduced in [27, Cor. 4.1]
to order of mlog(b) soft e/i tests overall.

Definition 1 A o-soft e/i test of a disc D(c,p) = {x : | —¢| < p} outputs 0 and stops if it
detects that mpc,,) = 0 (exclusion); it outputs 1 and stops if it detects that mp(c ) > 0 (o-s0ft
inclusion). The test terminates as soon as it verifies one of the two criteria, mp(c,op > 0 or
Mp(e,p) = 0, without checking if the other criterion also holds.

For a disc D with m = mp roots and any polynomial p, [25-27] reduce a o-soft e/i test
essentially to the evaluation of Newton’s inverse ratio (NIR) £ at (m+1)[log, (1+6my/m +1)]

points x (see [25, Prop. 3.4]). We further outline this previous work in Appendix C.

1.3. Our contribution. Our semi-heuristic soft e/i test of Sec. 2 (Alg. 1) evaluates NIR at
much fewer points, which implies dramatic acceleration of the near-optimal root-finders of [25—
27]. In addition, we accelerate the compression steps of [25-27] by a factor of 33.5, based on
extension of our soft e/i test of Sec. 2 (Alg. 1) from a disc to a ring (annulus) in the complex
plane (see Sec. 2.6).

Since our Alg. 1 enables root-finding at the cost below lower bounds, it must fail for some
polynomials p, but we prove some constraints on the roots of such polynomials and have never
encountered them in our numerical experiments of Sec. 5 (the first version of the github reposi-
tory for our codes is publicly available via the following URL link:
https://github.com/wongunkim /heuristic _acc_root_finder).

In Sec. 3 we cover our two other soft e/i tests for discs (Algs. 2 and 3) as well as their dual
variants (Algs. 2d and 3d). These algorithms are technically different from Alg. 1 and only apply
to discs (not to rings); for discs they nearly match Alg. 1 in computational cost and in output
accuracy according to our initial numerical experiments, currently in progress.

In Sec. 4 we recall [27, Thm. A.1], based on which at a dominated cost we can count the
roots approximated by a root-finder at the end of the computations. Then, if the target number
m of roots is available, e.g., if m = d, or if it can be computed at the dominated cost (e.g., if
we seek roots in a domain well isolated from external roots), then we can detect at a dominated
cost whether any of our e/i tests of Alg. 1, 2, 3, 2d or 3d has failed.

1.3 Brief history and related works

Hundreds of efficient root-finders have appeared [17,19] and keep appearing. In 1982 Schénhage
[29] proposed to compare their efficiency by estimating bit-operations involved, reaching O(bd®)
in his record-fast solution of Problem 0 (we write O for O defined up to polylog factors in b+ d).
Subsequent extensive research has culminated in 1995 (see [21, 23]) with the bound O((b+d))d?)
- near-optimal for d = O(b) The next near-optimal algorithms for Problems 0 appeared in [25—
27]. They also solved Problem 1, and [10,11] implemented and tested their initial variants
from [24]. The advanced papers [4, 18, 9] deduced similar cost bounds for Problem 0 simplified
with imposing some lower bounds ¢ > 0 on the pairwise distances between roots of p (see a

2 [18,9] combine their novel piece-wise approximation of p by low degree polynomials with nontrivial
[15, Alg. 5.3] of 1998, rediscovered in 2013 by Kobel and Sagraloff.



Heuristic Acceleration of Near-Optimal Polynomial Root-Finders 3

discussion in [29, Secs. 19 and 20] on such simplification). This was a major restriction because
the input and rounding errors turn multiple roots into tiny root clusters. The estimates for the
bit operation complexity of the efficient root-finders of [4] and [18,9] include the terms dlog(})
and dlog(k(d)), respectively, where () denotes the maximal condition of the roots; both of
these terms grow to co as ¢ decreases to 0. At the end of Sec. 1.1 we cited Incorporation of fast
multi-point polynomial evaluation of [18, 9] into black box root-finder of [25-27] for its extension
to tshe solution of Problems 1 and 1p. Otherwise [25-27] are technically independent of [4, 18,
9.

The known polynomial root-finders preceding [24-27] involve coefficients of p, e.g., user’s
choice MPSolve [2| needs them for the initialization of its root-finding iterations. The only
exception is the advanced pioneering root-finder of [16], although it is restricted to a polynomials
having only real roots and only approximates its single absolutely largest root.

2 Background and soft e/i test 1

2.1 Definitions

With evaluation oracle for p we can readily compute the degree d and approximate the coefficient
pa because limg) o pij) is 0 for g > d and py for g = d, while lim|;|,, |p£j)\ = oo for g < d.
[25-27] used evaluation oracle to approximate p’(x) by the divided difference at points y =

and z ~ z and proved near-optimality of the resulting bit-complexity estimates. Next write

NIR4(x) := NIR(x) and obtain from factorization in (1) that

M&

NI =
Ri(z) := NIR(z — (2)
j=1

Extend root-squaring from p(z) (cf. [7]) to NIR(x) and further to root-lifting:

2122 “INIRyi1 (2 ) 1= NIRyi (%) — NIRgi (—2%), i =0,1,.... (3)
d h—1 h—1
H z— 2 = (=) ] p(¢fa), ha"'NIR,(2") := Y ¢INIR(CJx),  (4)
j=1 g=0 9=0

for a primitive hth root of unity (j := exp (Q”F) and h =2,3,.

Extend these definitions and expressions to the reverse polynomml

prov = () for 2 £ 0, pmvpof[(xj) if po = p(0) 0, (5)

=1 !

NIRyey (z) = Bex(®) — d %NIR(%), and NIRy, rev(z"), h = 0,1, ...

Prev () T x

Define extremal root radii r1(p) := max?zl |25 = m, rq(p) == min?:1 |z = m

2.2 The power sums of the roots

Definition 2 (i) sp(D) := ohep? 1, for a domain D and h = 0,+1,£2,.

(ii) sp == S0, 2P for h=0,+1,+2,.

(iii) $p.q 7= £ 32070 ¢V NIR(CE), 5pq 1= L Zq 9 NIR e (C9) for h = 0,1,...,q—1,
(1i1) Op,q := |sh’q ( )|, forg>1 and h = 0 +1,. i(q —1).

mncement in [3] of a new near-optimal solution of Problem 0 (with no restriction on ¢)

stirred confusion because for all proofs [3] referred to [4]. Already the implementations in [10,11] of
some root-finders of [24] greatly superseded the best implementation of the algorithm of [3] in [12].
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Readily verify the following lemma and relationships,

n = —NIR}, rev(0), s—p = NIR.,(0) (cf. (2)), (6)
hodsal _ o 1 _ls—al _ 1
7"d§7§7’1>ﬁﬁ ] S@ (7)

Lemma 1. For a domain D, it holds that so(D) = mp and that sp(D) = 0 for all h if so(D) = 0.
Lemma 2. Let [s_p| > 5 < for some h > 0. Then mp(o,s) > 0.

Proof. Comblned the assumed lower bound on |s_j| with its upper bound of (7) and obtain
that - > J7, and so rq > o, that is, mp,q) > 0.

d
Definition 1. For a polynomial p and o > 1 the circle C(c,p) = {z : |z —c| < p} is o-isolated
Zf MpD(c,p/a) = MD(c,po)-

Lemma 3. [See [29, Eqn. (12.10)] for h # 0, [24,27].] Let m := mp,) and let the circle

C(0,1) be o-isolated for o > 1. Then 64 < W and 6_p 4 < w , for
h=0,1,...,q—1.

Ezample 1. Apply the lemma to 2-isolated unit circle C'(0,1) and obtain dg , < 1/2 for d < 1,000
if ¢ = 10 and for d < 1,000,000 if ¢ = 20.

Remark 1. For a fixed h the error bound on dy, 4 of Lemma 3 decreases proportlonally to ;
Root-squaring of (3) squares o, but doubling ¢ makes the same impact on - and hence on the

estimates of Lemma 3 for fixed h, which are quite sharp empirically [10, 11].

2.3. Algorithm 1: o-soft e/i test 1 of the unit disc D(0,1).
INPUT: a black box polynomial p of a degree d and o > 1.
INITIALIZATION: fix two positive integers u_ and uy > u_ (see Sec. 2.4).

COMPUTATIONS: Recursively, for ¢ = 2%, v =u_,u_ +1,...,uy, compute
(i) NIR(¢7) for g =10,1,...,¢— 1 and (11) Sh,q for h =0, :|:1 (q— 1).
OuTPUT 1 and stop if (i) Ighqu‘ > J;’il or (ii) ‘q%"l“’l > L+ m for some pair of h > 0

and u =u < uqy.

OvuTPUT 0, write @ := u4, and stop otherwise.

2.4. Complexity of Alg. 1. At stage (i) we evaluate NIR(x) at all gth roots of unity for every
uw and g = 2%. At stage (ii) we apply discrete Fourier transform at the gth roots of unity twice
to compute 2g — 1 linear combinations of these computed values at the arithmetic cost 3u2%.
As u increases, we reuse all computed values of NIR and their linear combinations. Hence the
overall complezity of Alg. 1 is dominated by the cost of computing NIR at 2% points. [@ < u
only if Ag. 1 outputs 1, while & = u4 is compatible with any of outputs 0 and 1.]

|Sh Isn.ql Is%‘iq\ — 0p.q > 0 by definition
of 6p,4. Therefore, s5,(D(0,1)) > % —Ohg > O by virtue of Lemma 3; hence mp, 1) > 0 by

2.5. Correctness of Alg. 1. Suppose that

virtue of Lemma 1. Likewise, let % > c%h + W Then % — c%h > 0_p,q by definition

of §_p, 4. Therefore, s_p,(D(0,1)) > ls%}ql —0_p,q > 0 by virtue of Lemma 3; hence mp,1) > 0
by virtue of Lemma 2.

Hence Alg. 1 fails only if it outputs 0 while mp g 1) = 0. In that case the roots are restricted
by the inequalities
h
o [$_h.ql 1 1
< LA
d ~—o1-1’ d _crh_|_(0‘7—1)ah7

for all h. (8)

For 0 < h < q they converge to the equations s, = 0 as 0% + oo and s_p , = 0 as o > oo.
In our numerical tests the output 0 of Alg. 1 was 100% correct already for ¢ < d.
2.6. Two extensions.
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Lemma 4. Reduction of /i tests to the unit disc. For a complex ¢ and positive p and o, the map

T %, combining shift and scaling of the variable z, moves the discs D(c, p) — D(0, L)

and moves the zeros z; of p(x) into the zeros w; = p(i% of t(w) := p(%) forji=1,....d.
Now extend the e/i test of Alg. 1 and its analysis to a disc D(c, p) and the values

_P p'(c+p¢?)
Sh,q(D( ch(h“ (et pc9) forh=0,1,...,q—1

and to a ring (annulus) A(c, p—, py) :={z: p— < |z — | < p4+} and the values

_ Pt Z Cg(h+1 (c+pi¢?)  p- Z Cg(thl c+p-¢9)

sh,q(A(c, p—, p+)) (et piC) C+p )

for h=0,1,...,¢g—1. The complexity of this test of a ring doubles that of a disc and by a factor
of 33.5 is less than in [11,25,26] (cf. [11, Cor. 13]). This speed up is immediately extended to
the disc compression algorithm, reduced to order of log(b) soft e/i tests in [11, 25, 26].

3 Other new soft e/i tests

3.1 Low-cost estimates for extremal root radii

We begin with the following observation:

Lemma 5. If mps) = 0 for 0 > 0, in particular if a o-soft e/i test for the disc D(0, ) outputs
0, then § < rq(p) and % > r1(prev)) (¢f. (5)).

Apply this lemma and a o-soft e/i test to a disc D(0,0) for fast decreasing values 6 = 1/0 > 0
until the test outputs 0. At a cost of performing these o-soft e/i tests, obtain a lower bound
0 < rq and similarly obtain an upper bound ¢ > 71 by applying this recipe to prey. [o-soft e/i
tests for large o are much less costly than for 1 < ¢ < v/2, involved in subdivision iterations.]

3.2 Approximation of the power sums s_;

Schroder’s iterations, x;4+1 = x; — 7 ((:;’ )), 1=20,1,..., converge fast to a root z of a functional

equation f(x) = 0 having multiplicity g and isolated from the other roots. The next theorem,
proved in Appendix B, covers Schroder’s single iteration for p =d, f = pp(z), and h > 1.

Theorem 3. For an integer h > 1, r > 11, and a complex x such that |x| > 2r, write

d ||
Yy = yh(x) = fL'h — W and n:i= 7“72’ (9)

and let mpo,ry = d. Then |y — 2+ < W
We apply Thm. 3 for p replaced by prev and in all its applications use an upper bound r for the
extremal root radius r1(p)rev = %() computed once and for all according to Sec. 3.1.

Lemma 2 ensures correctness of inclusion (output 1) if |gh| > =, while Alg. 1 estimates | ‘

based on Lemma 3. In our next Alg. 2 we apply Lemma 2 again but estimate % by applymg
Thm. 3 for p replaced by prey-
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3.3 Algorithm 2 (soft e/i test 2)

INPUT as in Alg. 1 and 7 > T max? 1 |Z1|
INITIALIZATION: fix two integers i_ > 0 and 74 > ¢_ and a complex z such that n = \%}I of (9)
is large enough.

COMPUTATIONS: Recursively, for h = 2¢ and i = i_,i_ + 1,..., compute (i) y of Eqn. (9) for
p(x) := phrev(z) and (ii) oy, := %
(OuTpUT 1 (inclusion) and stop if |y| > 2 + &, for h = 2¢ and some i =7 < i

OuTpUT 0 (exclusion) and stop othervvlse

Correctness of Alg. 2. If |y| > = + O, then ls—n] ”' > ah by virtue of Thm. 3, and hence output
1 is correct by virtue of Lemma 2. The roots of the polynomlals p for which Alg. 2 wrongly
outputs 0 satisfy the system of inequalities % < ,L, for h=2 andi=di_,i_ +1,...,i4.
The inequalities are quite restrictive for large h, partlcularly if also 7 is large; they converge to
the equations s_; = 0 as h + oo; furthermore, ), — 0 as n" + oco.

Complexity analysis: While computing NIRQiJev(xT) for i > 0 based on (3) or (4), reuse all
previously computed values of NIR to evaluate NIR just at 2 points overall. The cost of that
computation dominates the overall complexity of Alg. 2. Based on the previous study we can
choose a narrow range [u_,uy| to decrease the overall complexity of the algorithm.

Remark 2. To devise an alternatve dual algorithm (said to be Alg. 2d), approximate s_; =
—NIR_;(0) (cf. (6)) with —NIR_p(z) for |z| < rq and then approximate dp, = |[NIR_j(x) —
NIR_;(0)] with 0.5|NIRy(2) —NIRy(—x)|. We expect that this approximation tends to be close,
although we cannot extend to it our formal support of Alg. 2 by Thm. 3.

3.4 Algorithm 3 (soft e/i test 3)

It combines Algs. 1 and 2 and outputs 1 if this is implied by the criteria of any of the two
algorithms. Otherwise it outputs 0. Likewise, Alg. 3d combines Alg. 1 and Alg 2d. It may seem
that the complexity of performing these algorithms doubles that of Alg. 1, but with careful reuse
of the computed values of NIR one can increase the complexity just by a factor of 1.5.

4 Detection of output errors

The root-finders of [25-27] output a set S of discs of radii at most 1/2° that together contain
all mp roots lying in an input domain I except for those lost due to erroneous exclusion claims.
We can detect such losses if know mp (e.g., if we seek all d roots) or can compute myp at the
dominated cost (e.g., based on Lemma 3 if D is a G-isolated disc for & — 1 exceeding a positive
constant). Then we complement the root-finders of [25-27] with a root-counter for the union of
all discs in the set S. We can do this by first performing pairwise subtractions of k = O(mp)

computed values and comparisons of the 0.5(k — 1)k differences with 1/2° (by using O(k?)b)
bit operations) - to cover all roots in D with o-isolated discs, namely, with & < mp discs for
3k+1

o := 3777 (see [27, Thm. A.1]). Then we can count all output roots by applying our Lemma 3

for h =0 to all these discs for ¢ = |logy(4d + 2)].

5 Numerical experiments for Alg. 1

[See the first version of the github repository for our codes publicly available via the following
URL link: https://github.com/wongunkim /heuristic acc_root ﬁnder] For each test polyno-
mial of degree d, we have chosen its m roots uniformly at random in the disc D(0,1/1.00001)
and its other d — m roots uniformly at random in the ring A(0, 1,10*). Tiny isolation of the
sets of m internal and d — m external roots from one another ensured that the roots in these
sets were counted correctly in our experiments. [25-27] supported near-optimal root-finding by
fixing computational precision of order of blog(d) bits, and this can be extended to Alg. 1, but
in our experiments we only dealt with soft e/i tests for polynomials p having roots in specified
domains, and double complex precision (15 decimal digits per component - the default complex
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type [128bits| in NumPy) was sufficient to ensure correctness of our computations. We imple-
mented the algorithms in Python, by using the NumPy library.

Implementation and Parameters. We performed our tests for d = 6400, 12800, 25600,
oc=14,and p=0,1,d/4,d/2,3d/4,d — 1,d.

Remark 3. In our similar tests for o = 1.1 we consistently observed increase of ¢ by a factor of
about log(1.4)/log(1.1) ~ 3.5 in good accordance with our observations in Remark 1.

For each of the 21 pairs (d,v) we run 100 independent trials.

We set u_ = 0 and uy = [log,(log, (d)+1)] equal to 5 in our tests. We displayed the test results
in Table 1b. In all 2,100 trials, Alg. 1 succeeded in 100% tests, by correctly outputting 0 for v = 0
and 1 otherwise. We displayed the maximal number of points at which NIRs were evaluated and
the maximal integer h used. The dominant cost of computing NIR remained stable as d scaled
but decreased significantly as m increased. We are still testing Algs. 2 and 3 (limited to discs,
while Alg.1 also test rings). For discs they perform slightly worse than Alg. 1 in our initial tests.

Table 1: Performance of Algorithm 1

Input Parameters Output
d o 0 Number of roots m in D(0,1/0) Max #NIR Evals Max h incorrect
m =20 32 31 0
m e {1,2,3,4,5,10} 32 0 0
6400 1.4 1.00001 m € {50, 100,400} 16 0 0
m € {800, 1600} 8 0 0
m € {3200,4800, 6399, 6400} 4 0 0
m=0 32 31 0
m € {1,2,3,4,5,10,50} 32 0 0
12800 1.4 1.00001 m € {100,800} 16 0 0
m € {1600, 3200} 8 0 0
m € {6400, 9600, 12799, 12800} 4 0 0
m=0 32 31 0
m € {1,2,3,4,5,10,50,100} 32 0 0
25600 1.4 1.00001 m = 1600 16 0 0
m € {3200, 6400} 8 0 0
m € {12800, 19200, 25599, 25600} 4 0 0

(a) Tests with Various Numbers m of Internal Roots

Root Configuration Max #NIR Evals Max h
All roots external 32 31
Single internal root 32 0
25% internal roots 8 0
>50% internal roots 4 0

(b) Test results were invariant for d € {6400, 12800, 25600} (with all 2,100 outputs 100% correct)

Acknowledgement: Reviewers’ thoughtful comments helped improve greatly our presentation.
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APPENDIX

A. Variations and Extensions. (i) Solution of Problems 0 and 1 can be extended to root-
finding for a triangular multivariate polynomial system of equations [5, 13]. The overall number
of solutions of such a system can grow exponentially with its total degree, while only a small
number of them lie in the Region of User’s Interest.* (ii) Real root-finding (in a real line seg-
ment) is highly important because in applications, e.g., to optimization in algebraic geometry
and geometric modeling, only real roots of a polynomial are of interest, and typically they are
much less numerous than all d complex roots [14, 6]. (iii) Our black box algorithms applied to a
narrow rectangle about the real line segment approximate nearly real roots, lying near the real
axis, e.g., perturbations of real roots caused by input and rounding errors.

B. Proof of Thm. 3. First let » = h = 1. Substitute (2) into (9) and obtain

d d xd
y:m— = Tr — =X

NIR(z) 1 oy 1

j=1 x—z; j=1 1—z;/x

Recall that |=| < 1 for all j, by theorem’s assumptions for r = 1, substitute Newman’s expansion
T L=y 9=0 vg for v = 1—7 into the above equation, and deduce that

—v

2?2129 0 J/xg - Zg OZ] 1 g/xg

Y d d
T

Substitute equations s, = Zd g=1,2,..., and obtain

Jj=1 ]’

Y d 1 X5y

Z=1l-—cg———=1———foru= —.

T d 43202 8g/%9 14+u o= dus
Notice that 1 — m =u— H—u, and so y = zu — ? Furthermore, xu = % + I" for
=37, %z, Therefore,

1 zu?

v =1 and so (10)
Notice that ‘Shl < 1 for all h because |z;| <1 for all j and deduce that
lu| < \zl > a0 II\J < |x|171 and hence

< : < = :
(2 =127 [tu = 1- by o[ -2

Furthermore, |I'| < 2312 |z|t=9 = |m‘171. Combine these bounds with Eqn. (10) and obtain the
theorem in the case of r = h = 1:

S1

’ S1 1 || 2
Y7

SE—1 @)@ =2 -2

Next scale the variable  — z/r implying that D(0,r) — D(0,1), y — y/r (cf. (2)), and
s1 — s1/r, apply Thm. 3 for r = h = 1, and extend it to the case of any » > 0 and h = 1.
To complete the proof for any h > 1, apply that result to py(x) rather than p(x), implying the
maps x — 2", r — r", and s; > sp,.
C. Reduction of subdivision iterations to soft e/i tests. Subdivision iterations are applied

for root-finding in a square in the complex plane, called a suspect square and can be readily

4 In computer aided design a user might want to design a 3D object under some fixed geometric con-
straints translated into a system of polynomials equations. This system can have an enormous number
of solutions, mostly spurious, and the user can greatly benefit from restriction of the computations
to a fixed Region of Interest.
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extended to the union of suspect squares covering a fixed Region of Interest D. An iteration
subdivides, that is, partitions, every suspect square into four congruent sub-squares and to each
applies an e/i test — to decide whether the sub-square contains any root lying in the Region
D. If it does not, then the sub-square is discarded; otherwise it is called a suspect square and
undergoes subdivision (see Fig. 1a).

Efficient e/i tests are known for discs rather than squares. Moreover, an e/i test is hard if a root
lies on or near the boundary circle. o-soft e/i tests for discs and o > 1 address these problems.

(a) Four roots marked by asterisks lie in suspect (b) A subdivision iteration fast decreases the di-
sub-squares. Empty sub-squares are discarded in ameter of a component but does not decrease its
subdivision steps. distance to external roots.

Fig. 1: Overview of the subdivision iteration process and root localization.

Every subdivision iteration keeps every square containing a root and hence approximates
every root in S by the center of a suspect square within its half-diameter, itself halved in every
iteration and hence decreased by a factor of 2% in u iterations. A root can lie in at most 4 suspect
squares. If an initial suspect square has diameter 2", then in at most 4(b + h)m soft e/i tests
the centers of at most 4m suspect squares approximate within 1/2° all roots in the Region S.

To see, how the factor of b + h is further decreased in [25,26], partition the union of the
suspect squares processed at a subdivision iteration into connected components. [25,26] prove
that progress in root-finding is slow if and only if a component, said too be compact, stays
unbroken in many consecutive iterations, but this can only occur if the component (i) is made
up of at most four suspect squares and (ii) becomes d”-isolated for a fixed constant v > 0 in
O(log(m)) iterations (see why so in Fig. 1b) and. [(i) A component with more than four suspect
squares contains some roots (a) separated by at least the length A of a current suspect square
and (b) connected by a chain of m suspect squares; in O(log(m)) iterations, however, the overall
length of such a chain decreases by a factor of m and is exceeded by M. (ii)A component is
separated from it external roots by at least the length of its square. Subdivision steps do not
decrease this separation while fast decreasing the diameter of a compact component.]

[25,26] compress the minimal covering disc (MCD) of such a strongly isolated compact
component (with m roots) into a sub-disc containing the same root set and with diameter
minimal up to a bounded factor. [25,26] test concentric sub-discs for containing m roots and
approximate the minimal radius of such discs by means of bisection of their exponents. They
verify if a sub-disc contains m roots by using 67 soft e/i tests for discs (see, e.g., [25, Sec 4.2
and Figs. 5 and 6]); our single soft e/i test of Sec. 2.6 for the ring (sharing its boundary circles
with the MCD and the tested sub-disc) verifies this at the cost of two e/i tests for discs.



