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Abstract. We present parallel techniques developed for computing the power series so-
lutions to certain algebraic and differential equations, along with corresponding high-
performance software implementations. These specialized parallel methods reveal abstract
patterns which could be generalized and applied to other problems in computational al-
gebra.
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1 Introduction

In most parallel algebraic computations, the algorithmic patterns follow a multi-way divide-and-
conquer scheme (or equivalently, blocking or tiling strategies) or a map-reduce [13,[14] scheme
(generally a parallelizable for-loop nest). Standard examples are given by dense matrix multi-
plication [10], fast Fourier transforms (FFTs) [8|20], Toom-Cook multiplication [16], and inter-
polation via sub-product tree techniques |11], to name a few.

In contrast, the parallelization of algorithms computing the power series solutions to algebraic
and differential equations yield less common and more challenging patterns. The articles |116}
7,/19] report on successful implementations of these parallel patterns. We believe that other
algebraic computations could take advantage of these patterns, which motivates the present
article.

Relazed and lazy |12| implementations of power series allow them to be treated as compu-
tational objects and be updated on demand, in contrast with zealous or truncated approaches
which deal with power series at a fixed degree.

Parallelizing the factorization of univariate polynomials over multivariate power series (UP-
oPS), based on the Weierstrass Preparation Theorem (WPT) and implemented via lazy evalu-
ation, yields to the composition of stencil-like schemes and map-reduce schemes, see Section [2}
Parallelizing the factorization of UPoPS, based on Hensel’s lemma, can be done by a producer-
consumer scheme (which can also be regarded as a pipeline) composed with the schemes involved
in parallelizing WPT, see Section[3] When moving to the extended Hensel construction, dynamic
programming takes center stage, see Section [f] Computing the power series solution to a linear
ordinary differential equation (ODE) at one of its ordinary points can be performed by a tiling
strategy using a stencil [14]. Composed with other parallel patterns, and supported by relaxed
evaluation, this leads to a parallelization that achieves nearly linear speedup on fat multi-core
nodes which support simultaneous multithreading (SMT) [22], see Section

The algorithms presented in the articles |1,6}/7,/19] are implemented for sequential execution
in MAPLE’s MultivariatePowerSeries library |21] and, for multi-threaded execution (thus as
parallel algorithms) in the BPAS library 2|, with the exception of the algorithms of [1]. BPAS is
publically available in source at https://bpaslib.organd https://github.com/orcca-uwo/
BPAS. MAPLE ships with the MultivariatePowerSeries library, and it is also publically avail-
able in source at https://github.com/orcca-uwo/MultivariatePowerSeries.

The MultivariatePowerSeries library also provides two algorithms for factoring univariate
polynomials over Puiseux series, and thus for finding the Puiseux series solutions of algebraic
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equations. The first is based on Nowak’s proof [17] of Puiseux’s theorem, which reduces the
computation of these Puiseux series solutions to applying Hensel’s lemma. The second one is
the so-called Extended Hensel Construction |18] of Sasaki and Kako, which extends Puiseux’s
theorem to multivariate Puiseux series coefficients, discussed further in Section

2 Extracting parallelism from lazy evaluation

This section uses the notations of [6,|7] and discusses the implementation of the algorithms re-
ported in these articles using the BPAS library. In BPAS, as well as in MultivariatePowerSeries,
the implementation of multivariate power series follow a lazy evaluation scheme. The encoding
of a multivariate power series requires: (1) an update function to compute homogeneous parts of
a given degree, (2) capturing the parameterﬂ of the update function, and (3) storing previously
computed homogeneous parts. Where a parameter of an update function is itself a power series,
we call it an ancestor. We note that some of the BPAS operations on multivariate power series
are based on relaxed algorithms rather than lazy evaluation. However, for simplicity’s sake in
this extended abstract, this Section focuses on lazy evaluation.

To highlight how one can extract parallelism from this lazy evaluation strategy, we consider
the Weierstrass preparation theorem.

Theorem 2.1 (Weierstrass Preparation Theorem) Let f = Zfi(;" a; Y e K[[X1,...,X,]][Y]
be a UPoPS where d is the smallest integer such that ag & M, m is a non-negative integer and
M is the mazimal ideal of K[[X1,...,X,]]. Then, there exist two UPoPS:

p=YI+ Z?;é b;Y? and a=3",¢Y",  such that:

(1) f = pa holds, (2) « is an invertible element of K[[X1,...,X,]|[Y]], (8) p is a monic
polynomial of degree d, and (4) we have bg_1,...,by € M.

Expanding the equality f = ap yields the following system of polynomial equations the indeter-
minates of which are the power series by, ...,bq_1,Co,-..,Cm:

apg = boCo
ay = boC1 + b160
ag = boCQ —+ b101 + bQCO

ag—1 = bocg—1 +bicg—a+ -+ bg_ac1 +bg—1co
aq = bocg +bicg_1 + -+ bg_1c1 +co
agt1 = bocgy1 +bicg + -+ bg_1c2 + 1

Adym—3 = bg—3Cm + bg_2cm—1 + ba_3Cm_2 + cn_3
Qd4m—2 = bg—2Cm +bg_1Cm—_1 + Cm—2
Ad4+m—1 = bdflcm + Cm—1

ad+m = Cm-

Because adding, multiplying and inverting multivariate power series are continuous operations in
the Krull topology, the same is true for the computation of the power series by, . ..,bg_1,¢0,-- ., Cm
in WPT, see [15]. In other words, the UPoPS p and « can be computed by solving the above
equations modulo MF, for increasing values of k = 1,2,.... Let us start with k¥ = 1. Modulo M
we have:

bj =0 mod M, j=0,...,d—1then ¢; = agy; mod M fori=0,...,m.

3 Here, the word parameter should be understood in the sense of the C programming language, which
is used for BPAS.
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Assume now that by, ..., bs_1, o, ..., Ccm have been computed modulo MP¥, for some value of k,
and that we want to update them so that their homogeneous parts in degree k become known.
We first update bg,...,bg_1. To do so, we define

g Ny L
F; = a, Zi:o bicj_i,

and observe that with power series division we can solve F; = bjcg from j =0to j =d—1. To
be precise, the homogeneous part bj(k) of b; in degree k is given by:

k—1
bj(k) = 1/00(0) (Fﬂ(k) - Zi:l bj(i)c()(kfi)> .

While the homogeneous parts b; (k) are computed one after another, parallelism is extracted
from: (1) updating concurrently all the ancestors of ag,...,a41m, (2) computing the sums
Zle bj(yCo(r—i) in a map-reduce fashion.

Next, we update cq, ..., cy. We observe that for 0 < i < m we have:

Cm—i(k) = Ad+m—i(k) — 23:1 (bd—jcm—i-i-j)(k)-

Parallelism is extracted from: (1) the fact all Cm—i()) s can be computed simultaneously, and (2)
applying map-reduce to evaluate:

k
(bdfjcmfiﬂ')(k) = 22:1 bdfj(e)cm*iﬂ'(k—e)'

Clearly, there are implementation challenges in the above scheme. In particular, load-balancing
in the evaluation of sums of products requires fine tuning in the multivariate case.

The experimental results of 7] show that on an 12-core node, the parallel computaton of the
UPOPS p and «, as described above, achieves a speedup factor of 9 for sufficiently large values
of k.

3 Hensel lifting in a pipeline

Another factorization result to which the techniques of Section 2] apply is Hensel’s lemma. To
be precise, the factors produced by Hensel’s lemma can be computed by composing the scheme
of Section [2| for WPT with a pipelined computation. To see this, we recall Hensel’s lemma and
a proof of it relying on WPT.

Theorem 3.1 (Hensel’s Lemma) Let f = Yd—i—Zf-l;Ol a;Y'" be a monic polynomial in K[[X1, ...

Let f = £(0,...,0,Y) = (Y —e)B(Y — )% - (Y — )% forcy,...,c, € K and positive in-
tegers dy,...,d,. Then, there exists fi,..., fr € K[ X1,..., X,]][Y], all monic in Y, such that:
(1) f = fi-- f holds, (2) we have deg(f;,Y) =d; for 1 <i <r, and (3) f; = (Y —¢;)% holds,
for1<i<r.

Proof. Let g = f(X1,...,X,,Y +¢,) = Y9+ 2?2—01 b;Y?, sending c, to the origin. By con-
struction, we have bg,...,bq,—1 € M and WPT can be applied to produce g = pa with
deg(p) = d,,deg(a) = d — d,. Reversing the shift, we have f. = p(Y — ¢,). Induction on
f=a(Y —¢,) completes the proof.

Figure [I] illustrates the proof for the case r = 4.

pl;cl>f1 p2;62>f2 p3;03>f3
c / —c1 A c: / —ca A c: / —c
+c1 1 +c2 2 +c3 3
f g1 (e31 fo 92 6% fs g3 a3 Ja

Fig. (1) Depiction of a 4-stage pipeline executing Hensel’s lemma.
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We observe that, in this constructive proof, the output of one application of WPT provides
the input to another such application of WPT. As a result, following the algorithm induced
by this proof, the computation of the homogeneous part fi+1(k) of fiy+1 in degree k relies on
the computation of the homogeneous part f; of f; in degree k. Therefore the homogeneous
parts fi(;11) and fi+1(k) can be computed concurrently in a pipeline. Table |I| illustrates this
opportunity for concurrent execution in the case r = 4.

The experimental results of [7] show that on an 12-core node, parallel computation of the
factors of Hensel lemma factorizations modulo M¥*, as described above, achieves a speedup
factor of 9 for sufficiently large values of k.

Stage 1 (f1)|Stage 2 (f2)|Stage 3 (f3)|Stage 4 (f1)
Time 1| i)
Time 2 fl(g) f2(1)
Time 3| fi(3) fa2) fsa)
Time 4] fi(y faa) f32) fa)
Time 5| fi5 faa fs3) fa)
Time 6] fi(6) fa(s) fs) fis)

Table (1) Simulation of a 4-stage pipeline executing Hensel’s lemma.

4 Power series solutions to ODEs via stencil computations

Computing the power series solution of an order d linear ODE with formal power series coef-
ficients subject to d initial conditions is a classical problem. Such an ODE can be written as
Z?:o a; -y = b where a;,b,y € Q[[z]], a; = 3, aina™, b=, bya", y =3, c,a™. This
problem has been studied in [19] and [5] for ODEs where a4 is invertible (aq0 # 0). In this
Section the notations of [19] are used and complexity is measured in arithmetic operations.

In [5], the authors describe an algorithm providing quasi-linear asymptotic complexity through
the use of polynomial multiplication in a zealous divide-and-conquer approach. The algorithm
has O(dM (k)logk) complexity, where M (k) is the complexity of polynomial multiplication of
degree k. In [19|, the focus is on parallelization and a relazed implementation of a quadratic
complexity (O(dk?)) algorithm through the use of a tiling strategy. It is known [9, Ch. 9.7] that
in a practical implementation, below some crossover point, quadratic polynomial multiplication
outperforms asymptotically faster methods. Therefore the log k factor in the complexity of the
algorithm in [5] implies that below that crossover point, the O(dk?) algorithm of [19] will save
that log k factor, with additional speedup from parallelization. Therefore the work in [19] can
be seen to provide an algorithm suitable for hybrid systems.

The rest of this section follows the work of |19], highlighting parallel patterns and extending
results. First, a recurrence relation is derived for the terms of the power series solution to a
linear ODE. This “infinite order” recurrence naturally lends itself to a quadratic lazy algorithm
through directly implementing the recurrence. Some simple dynamic programming (tabulation),
and algebraic optimizations of the recurrence are applied to get a form which is suitable for

parallelization. Equation shows this optimized recurrence, where r;, = %, and wy =
Tdk - ad,0-
d+k—1 d ep - .
1 Tmyi—m * Omk—i+m 1f1>mand k>i—m
Cark=—" (b= ) ¢ ) .
W , 0 otherwise.
1=0 m=0

(1)

The problem is thus to compute many of these cyix terms quickly and efficiently. The
challenge in parallelizing the recurrence (1) comes from the dependence on previous terms. This
is related to the famous parallel prefix sum problem [4], but is distinctly different due to the
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increasing order of the recurrence. In order to apply exactly, we compute over QQ, thus in
characteristic zero. Therefore another challenge in the implementation and parallelization comes
from the bit-size growth of the cg44 terms. This growth comes at a minimum from factorial-
like terms (74, j—m) arising from the differential operation, and may also come from growth in
the terms of the coefficient power series. Here and in |19], parallel algorithms are designed and
analyzed in the fork-join model |14].

An obvious first attempt to parallelize the computation of the recurrence is to parallelize
the sums directly, using a map-reduce pattern with a span [14] of O(logk) per iteration and
O(klogk) overall after k iterations. This method is attractively simple, but we note that par-
allelization would provide benefit only once a single iteration provides enough computational
work to justify incurring parallelization overheads. In order to extract coarser blocks of parallel
work as well as to better control data locality, a tiling strategy is developed through construc-
tion of a stencil. Indeed, experimental results in [19] demonstrate that for a “dense” order 32
ODE (“Exponential Family”) at only k = 64, the tiling strategy achieves 3x speedup on a 4-core
machine. It is not clear if even the 64th iteration of for that ODE would provide enough
work to justify parallelization.

The tiling method of [19] proceeds by first tabulating the necessary inner sums of into a
table g. Then a triangular system is constructed, shown in .

d—1
wo - cqg = by + foo 9o,i * Ci
1
Wi Cgp1 =bi+ D 91, Ci + 91,4 Cd @)

d—1
Wy Catk = bk + D Gkyi " Ci F Grd Ca + 0+ Ghdik—1 - Cdrk—1-

The system is then solved by tabulating partial sums in a table T, with entries in T'
defined by the stencil (3}4)).

1. For j <4, we compute
T(i,5) :==T(i,j — 1) + gia+j—1  Cdtj—1- (3)
2. For i = j, we additionally compute

cari:=1(i,j).

0 | By /wo ’\
1| B g jw

3 ¥
2 By T +924- E THG2,at1  Car1_ /W2
L N
4 4
k B, T +9kda-ci T AGkar1 Capr T - .J/N+gk7d+k71 Cdik-1 /wk
i/
il o 1 2 k

Fig. (2) Constructing the T Table via stencil.

Figure |2| depicts the T table construction, using the notation B,, = b, + ngol 9n,i - ¢;. This
construction creates dependences for a cell in T on cells to its left in the same row and also corner
cells (¢44;’s) above. These dependences lead to a recursive division (tiling) of the triangular T
table into a rectangular section which recursively divides into four rectangular sections, and two
triangular sections which recursively divide further in the same way, shown in Figure [3] This
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N BR G

T | T T | T

T T | T T T | T

T T T T T | T | T T T T
T|T|T\|T|T|T|T|T T | T | T | T
T|T|T|T\|T|T|T|T|T ‘ T|\T|T|T|T ‘

Fig. (3) Recursive tiling of the T Table.

tiling provides better memory locality for accesses to both the g and T tables. It also makes it
possible to tune base case sizes for the serial and parallel algorithms to account for coefficient
bit-size increases, allowing better cache use and parallel work distribution.

The parallelization of the T' table construction follows from noting that dependences allow
no parallel recursive calls in a triangular section, but in a rectangular section two recursive
calls on the same (left/right) side can be done in parallel. This leads to an algorithm with span
O(klogk). The g table construction has no dependences and can hence be parallelized with
span O(d). The relazed nature of the parallelization follows from a small modification described
in which allows updates (not starting computations from cg).

A further theoretical benefit of this tiling strategy is revealed by carefully examining the
operations done in a rectangular section. In those sections, at the kth row, the stencil essentially
computes By + (Gk.ds - - - » G, d+k—1)(Cds - - - s Cark—1)" , that is, the dot product of the c44;’s from
corners above with the gy q1;’s. Computing one (or many) independent dot products of size k
can be parallelized with total span O(log k). Therefore the parallel tiling algorithm of could
be modified to have have its span improved from O(klogk) to O(k) - that is, the span would
satisfy the recurrence T'(k) = 2T'(k/2) + log k.

The use of the original tiling algorithm is justified by experimental results presented in .
Experiments run on three separate multi-core computers (with cores supporting SMT) demon-
strate linear and even super-linear parallel speedup for certain ODEs at large enough expansion
order k.

5 Extended Hensel construction via dynamic programming

The extended Hensel construction (EHC) is an algorithm, proposed by Sasaki and Kako in ,
for factoring univariate polynomials over fields of multivariate Puiseux series. For simplicity’s
sake, we consider here the following restricted situation. Let FI(X,Y) € C[X,Y], monic and
square-free w.r.t. X, with d := deg(F, X), to be factored into linear factors in X over the field
C((Y*)) of univariate Puiseux series with coeflicients in he field C of complex numbers:

FXY) = (X —xa(V)X = x2(Y)) -+ (X = xa(Y)).

The “south-west-most” terms ¢ X¢xY¢Y of F(X,Y), with ¢ € C, satisfy an equation of the form
ex/d+ ey /s = 1, with § € Q and form the so-called Newton polynomial F(©)(X,Y") which is
homogeneous (X, Y?/4) of degree d. Let 0 and d € Z>° be such that: 6/d = §/d, ged(d,d) = 1.

Now we write

F(X,Y) = GV(X,Y)--GP(X,Y),
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where the GEO)(X, Y) = (X — Y%/ 4™ are the so-called initial factors. Next, we define the
ideal
S = <Xdy(k+0)/ci7 Xd—ly(k+3)/¢i7 . 7X0Y(k+d8)/é>, (5)

for £ = 1,2,.... Then, for all integers k£ > 0, we can construct Gz(-k)(X, Y) e C(Yl/d)[X], for
i=1,...,r, satisfying

FX,Y)=G" (X, V) GP(X,Y) mod Spyi, (6)

and ng)(X, Y)= GEO)(X,Y) mod Sy, foralli=1,...,r.

The proof is constructive and by induction on k. We sketch the part of it which yields
the algorithmic pattern in which we are interested. Since F(X,Y) = F(O(X,Y) mod S, the
theorem is valid for & = 0. Let the theorem be valid up to the (k — 1)-th construction. We write:

GF Y =X, Y)+ AV (X, V) + -+ AGFTV (X, Y),

such that AGZ(.kl)(X7Y) € Sk, and degX(AGz(-k,)(X, Y)) < degx(Ggo)(X, Y)) = m; for ¥ =
1,...,k — 1. These latter properties are part of the induction hypothesis. Now define

AF®(X,Y) = F(X,Y) - G¥ V. GFD mod Spy.
It follows from the induction hypotheses that AF(*)(X,Y) € Sj holds. Thus, we can write
AFW(X,Y) = [P XY X0y, (7)

where fe(k) = cék)Yk/d and cék) e C for ¢ =0,...,d—1. We construct ng) (X,Y), and thus
Ang), e AGS]C), such that we have: AGZ(-k)(X, Y)=0 mod Sg. It turns out that determining
the coefficients cgk) yields the correction terms AGEk) (X,Y), see Sections 3 and 4 of [1] for
details.

Experimentally, the main cost comes from the computation of the error terms AF®) (X,Y).
One of the main results of |[1] is that these latter terms enjoy relations yielding a dynamic
programming scheme, which substantially reduce computation costs w.r.t. a direct approach.
This dynamic programming scheme is actually an enhanced and generalized version of that of
Bernardin in [3]|, and could hence be parallelized using the ideas therein. Moreover, while the
scheme of [1] has not been ported yet to parallel execution, the authors of |1] note that its ben-
efits are demonstrated both practically (via experimentation) and theoretically (via complexity
analysis).

6 Concluding remarks

This article has presented several complex algorithmic patterns which have proved effective at
parallelizing the computation of series solutions to certain algebraic and differential equations.
Lazy evaluation for UPoPS factoring via WPT is parallelized by composing stencil and map-
reduce schemes. Hensel lifting factorization is parallelized by a producer-consumer pipeline com-
posed with schemes for WPT. Experiments for these WPT and Hensel lifting schemes demon-
strate nearly linear speedup factors on a 12-core node. An EHC based factorization of UPoPS
over Puiseux series is made more efficient via a dynamic programming "recycling" strategy. This
strategy could be parallelized using the ideas of |3]|. For solving linear ODEs, a parallel scheme
is generated by constructing a table via stencil and recursive tiling, with experiments achieving
linear and even super-linear speedup on multi-core nodes with SMT.

The article has aimed to present these parallel schemes with sufficient detail for their re-
spective problems involving power series, thereby exposing the ideas of the articles [1}/61|7}/19]
to the general symbolic and algebraic computation community, and hopefully motivating the
application of the highlighted parallel patterns to other problems in computational mathematics.
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