Implementing the biset category of finite groups

Mohamed Barakat!, Marc Talleux?, and Fabian Zickgraf!

! Department of mathematics, University of Siegen, 57068 Siegen, Germany
mohamed.barakat@uni-siegen.de, fabian.zickgraf@uni-siegen.de
2 LAMFA, Université de Picardie Jules Verne, 80039 Amiens, France
marc.talleux@u-picardie.fr

Dedicated to Irene Schreier-Scott and Dana Scott

Abstract. We describe an implementation of the biset category of finite groups as a tower
of standard categorical constructions, all of which are implemented in the software project
CAaP for algorithmic category theory. In particular, we describe the composition of bisets
as a composition in a Kleisli category of some biadjunction monad. This composition
relies on the universal property of the coequalizer completion of a group viewed as a
groupoid on one object. Expressing this universal property offers an elegant categorical
interpretation of the Schreier—Sims orbit algorithm. Indeed, the implementation relies on
every aspect of the algorithm.
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1 Introduction

Throughout this paper G, H, K will denote finite groups. Many of the constructions do not need
the finiteness assumption.?
An (H,G)-biset is a set X equipped with a left H-action and a commuting right G-action:

h(zg) = (hz)g. (1)

The biset category FinBiset of finite groups [5] has finite groups as objects and isomorphism
classes of (H, G)-bisets as morphisms in FinBiset(G, H). Given two bisets gy X and Yy their
composition (g X¢, kYr) = kYn o pX¢ is defined by

kYgopuXg =gY xgXa,

where Y x gy X is the set of orbits of the diagonal action of H on Y x X given by h(y,z) =
(yh~1, hx). In Section 2 we introduce the notion of a transitive biset and briefly review the
Goursat-Bouc decomposition which decomposes any transitive biset as the composition of ele-
mentary transitive bisets.

The goal of this paper is to describe our CAP implementation of the biset category FinBiset
of finite groups. CAP is an open source software project for algorithmic category theory [8,7,9],
which allows the construction of categories as towers of standard categorical constructions. It
turns out that FinBiset is a full subcategory of the Kleisli category of the biadjunction monad of
the finite colimit completion of small categories, where this completion is viewed as a 2-functor,
left biadjoint to the functor forgetting colimits. The finite colimit completion of a category is
the coequalizer completion of the finite coproduct completion. We explain this in Section 3.

In the case of a group G, viewed as a groupoid on one object, these two completions can be
switched due to the orbit theorem. The coequalizer completion of G is nothing but the category
of transitive left G-sets. Expressing the universal property of the coequalizer completion amounts
to a nontrivial application of the Schreier—Sims orbit algorithm. This turns out to be the crucial
step in describing the composition of bisets as the composition in the above-mentioned Kleisli
category. This is the content of Section 4.

3 The finiteness assumption makes the sum in the Mackey formula (6) finite.
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2 The Goursat-Bouc decomposition

Let g Xg be an (H,G)-biset. Each g € G defines, due to (1), an H-equivariant automorphism
Xg: X = X,z — xg of g X, inducing a group homomorphism

X: G — Aut(gX),9— xg, (2)

where the composition in Aut(zX) is the precomposition xg4xg = Xgg'- In particular, the biset
X gives rise to the following right action of G on the set H\ X of H-orbits:

H\X xG— H\X,(H -z,9) — H - zg. (3)

The biset g X is called transitive if this action is transitive.

Such a biset can equally be viewed as a left (H x G)-set, where the action is defined by
(h,g)x = hxg~!. The biset g X¢ is transitive iff this action is transitive. In fact, the transitive
(H, G)-bisets are in bijection with the conjugacy classes of subgroups of H x G: A subgroup
D < H x G gives rise to a transitive (H, G)-biset (H x G)/D under the action h - (z,y)D - g =
(hz,g~'y)D. One can recover D as the stabilizer D = Staby ¢ ((1,1)D) of (1,1)D € (HxG)/D.
Conversely, for a transitive (H, G)-biset g X¢ the stabilizer

D = Stabg«g(z) ={(h,9) € H x G | hx = zg}

of an x € X is a subgroup of H x G and g X¢ = (H x G)/D as (H,G)-bisets.

Let I" be a group, U < I' a subgroup of I', N < I' a normal subgroup, and @: I — I" an
isomorphism of groups. Denoting the factor group by @ := I'/N, we define the five elementary
transitive bisets

Indf} = pFU,Resg =yulp, Infg = pQQ,Defg =qQr, Iso(p):=rIr,
where maybe the only nonobvious action is the right action of I on I" via ¢. It follows that any
transitive (H, G)-biset g X¢ = (H x G)/D can be written as the Goursat-Bouc decomposition
[5, Section 2.3]:
uXg = (H x G)/D = Indp, oInfy)! . oTso(p) o Def? . oResf,, (4)

where Py = Py(D), P, = P5(D) denote the projections of D onto H and G, respectively,

Ki=K(D)={heH|(h1)eD}<dP,
Ky =K>(D)={g9€G|(l,g) € D} I P
are subnormal subgroups, and ¢: P»/Ks =+ P;/K; the isomorphism defined by Goursat’s

Lemma. One can recover D (and hence the transitive biset) from the two subquotients and the
isomorphism via the equality

D ={(h,9) € PL x P2 | hK1 = ¢(gK3) }. (5)

The only nontrivial relation among elementary bisets is given by the Mackey formula, ex-

pressing the (V, U)-biset Res‘F/ o Indg for two subgroups U,V < I' as the sum (=coproduct) of
transitive (V,U)-bisets

Res€ o Indg = Z Ind“;mU oIso(y,) o ResgmmUa (6)
z€[V\I'/U]

with isomorphisms 7, : V*NU = VN*U for each representative = of a double coset in V\I'/U.
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3 Bisets from a categorical point of view

3.1 Bisets for finite categories

Let FinCat denote the 2-category of finite categories, naturally enriched over the elementary
topos FinSet of finite sets. Let C, D, E € FinCat denote finite categories.

Define the category FinBisetCat with the same objects as FinCat but with functors C —
D replaced by profunctors X: C - D, i.e., functors X: D°? x C — FinSet. For the wide
range of applications of bisets for categories see [10]. The composition of profunctors is usually
described by a coend-construction, which we do not know how to make algorithmically efficient.
Alternatively, one can use the 2-adjunction in Cat to rewrite X as a functor

X: C — PSh(D),

where PSh(D) = PSh(D,FinSet) := Func(D°P,FinSet) denotes the elementary topos of
finite-set-valued presheaves on D. Now in order to compose two functors X: C — PSh(D)
and Y: D — PSh(E) to a functor XY: C — PSh(E) we first need to lift ¥ to a (finitely
cocontinuous) functor Y: PSh(D) — PSh(E). We call this composition XY := XY the Kleisli
composition*. The first obvious advantage of this approach is that the 2-category of presheaf
categories and cocontinuous functors Y: PSh(D) — PSh(E) is a strictification of the weak
2-category of categories and profunctors Y: D -+ E.

3.2 The universal property of PSh

A second advantage is the insight that the composition of two profunctors can be reduced to the
ur-algorithm® expressing the universal property of the left biadjoint 2-functor . = PSh: Given
a finitely cocomplete category T and a functor Y: D — T, determine a finitely cocontinuous lift
Y: PSh(D) — T. Indeed, the so-called co-Yoneda lemma states that each presheaf 2 € PSh(D)
can be “resolved” as the colimit of a diagram of representable presheaves Homp (—, ¢), while the
fully faithful Yoneda functor & : D < PSh(D) allows one to consider this diagram as a diagram
in D, but where its colimit is taken in PSh(D) and coincides with {2. By applying Y: D — T
to the resolving diagram of the presheaf {2 in D we get a diagram in T, the colimit of which
is the desired Y (£2). The so constructed finitely cocontinuous functor Y: PSh(D) — T is the
extension of Y along X, expressing the universal property of PSh(D) as a model for the finite
colimit completion of D. In the rest of this subsection we will explain how one can realize
the finite colimit completion as the coequalizer completion Coeq(LUD) of the finite coproduct
completion LD establishing the equivalence

PSh(D) ~ Coeq(LUD). (7)

The algorithmic value of this presheaf-approach to profunctors thus strongly depends on the
efficiency of the ur-algorithm realizing the universal property of PSh(D), which it turn depends
on the size of the resolving diagram of the presheaf (2. A resolving diagram @ = Qg of {2 is
formally a quiver with vertices being objects in D and arrows decorated by morphisms in D.

Such a quiver @ can itself be expressed (in CAP) as a presheaf @ € PSh (V é A, uD), ie., a
t

Q(s)
coequalizer pair of morphisms Q(V) &= Q(A) in UD. By the universal property of the finite
Q)

4 The similarity with the composition in the Kleisli category is not a coincidence. Since PSh(—, Set)
is a model for the colimit completion of small categories, PSh(—, Set) is part of a biadjunction and
Biset is the Kleisli category of the adjunction monad.

® By an ur-algorithm we refer in CAP to an algorithm implementing the counit (=evaluation) of a pair
L 4 Z of biadjoint 2-functors, expressing the universal property of .Z.
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coproduct completion LID, the Yoneda embedding & extends to a full embedding UD < PSh(D)
recovering {2 as the coequalizer in PSh(D) D UD:

T Q(s)
22 QW) = Q). )
Q)

A canonical, yet impractical such diagram @ is given by Grothendieck’s category of elements.
Each object d € D appears |§2(d)| times as a vertex and each morphism ¢: d — d’ appears |2(d')|
times as an arrow in the diagram, i.e., Q(V) = Ugep|2(d)| ® d, Q(A) = Uy 4—arep|2(d")| @ d'.
The description of Q(s) and Q(t) is straightforward. Although the number of arrows in Q(A)
can be reduced by only considering generating morphisms of D, the potentially huge number
of vertices renders this description algorithmically useless. Finding efficient resolving diagrams
Qq to efficiently realize the universal property of PSh and use it to compose bisets of finite
categories are left to future work.

3.3 The category I'-FinSet as a tower

Let I' be a finite group, viewed as a groupoid on one object x. The presheaf category PSh(I")
of I with values in finite sets is just another encoding of the category I'-FinSet of finite left
I'-sets. Hence, by (7), we get the chain of equivalences:

I'-FinSet ~ PSh(I") ~ Coeq(LI).

An elegant categorical interpretation of the orbit theorem for (finite) groups is that both com-
pletions in the categorical tower can be switched (which already fails for the cyclic monoid
(e|e? =€) of order 2), i.e.,

I'-FinSet ~ Coeq(LII") ~ LiCoeq(I), 9)

where the coequalizer completion Coeq(I") is (equivalent to) the category of transitive left I'-
sets. This flipped categorical tower will be the basis of the CAP implementation of I'-FinSet in
Section 4.1.

3.4 The biset category of finite groups

From now on, we will denote the full subcategory of FinBisetCat on finite groups (viewed as
one-object groupoids) by FinBisetGrp or simply by FinBiset. It is easy to see that this is
equivalent to the definition from Section 1, i.e.,

FinBiset(G,H) = {HXG | HXG an (H, G)—biset},
where we identify an (H, G)-biset g X¢ with a functor
X: G — H-FinSet ~ PSh(H) ~ Coeq(LIH) ~ LiCoeq(H). (10)

Note that the Kleisli composition XY € FinBiset(G, K) of X € FinBiset(G,H) and Y €
FinBiset(H, K) now corresponds to the post-composition Yy o g Xg. The Goursat-Bouc de-
composition (4) shows that FinBiset is generated (as an N-linear category) by the elementary
transitive bisets, subject to various commutativity relations and the Mackey relation (6).

4 Implementation in CAP

As explained in Section 3.1 and detailed in Figure 1 below, the composition XY of bisets reduces
to the Kleisli composition XY, where Y: H-FinSet — K-FinSet is the finitely cocontinuous
lift of Y: H — K-FinSet along the Yoneda embedding H — H-FinSet. In Section 4.1 we
explain how to construct the categorical tower LICoeq(I") ~ I'-FinSet (9) and in Section 4.2
how to compute the intermediate lift ¥: Coeq(H) — LiCoeq(K) (see Figure 1), which is the
algorithmically crucial part of the finitely cocontinuous lift ¥: L Coeq(H) — UCoeq(K).
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XY = XY
H-FinSet ~ I_ICoeq(H Y — K-FinSet =~ UCoeq(K)
/7
Y
Coeq (H) Y

Fig. 1. The Kleisli composition X Y computes the composition XY of bisets

4.1 Implementing the category I'-FinSet as a tower

The coequalizer completion of I'. A skeletal model of the category Coeq(I") of transitive
left I'-sets can be easily constructed: Let {U.}_; be the set of representatives of the £ many
conjugacy classes of subgroups of I' with ¢ < d = |U,.| < |Uy4|, in particular U; = {1y} (the
trivial subgroup) and U, = I'. Define the skeletal category Coeq(I") with objects ¢ € {1,...,¢},
corresponding to the transitive I'-sets {I'/U.}‘_,. In particular, 1 now stands for the principal
I'-set. A morphism ~: s — t is given by a group element v € I" satisfying

v Uy = U] < U, (11)

!

where two parallel morphisms v,v': s — t are considered equal iff v~ € U;. The identity on

cis 1p: ¢ — c and the composition s Xe i> t is given by the group multiplication s 7—7/> t. In
Coeq(I") all morphisms are epis, and the classes of monos, endomorphisms, and automorphisms
coincide. The embedding I" < Coeq(I") sends the unique object * to 1 (corresponding to the
principal I'-set I'/U;) and each v € I to the automorphism ~: 1 — 1.

Indeed, the category C = Coeq(I") has all coequalizers. However, in what follows we will
only need specific coequalizers, namely the coequalizer coeq,.(a) = coeq(id., v, ..., ax) of the
identity id. of an object ¢ € {1,...,£¢} and k many automorphisms a = (a1, ..., ax) of ¢, where
ay: ¢ — cand k € N. To compute coeq,(«), first define the subgroup V' = (U,, a1, ..., ap) < I
Then compute v € I" such that V7 = Uy for some d € {1,...,¢}. It follows that, coeq, (o) = d
and, using (11) and the definition of V, # = 4: ¢ — d is the projection onto the coequalizer. In
the very special case that U, is self-normalizing it follows that each «, = id., hence V = U, = U,
and the projection 7 is given by 1p: ¢ — ¢. Which U, < I' is self-normalizing can be read off
the diagonal of the table of marks of I'. It remains to explain how to compute the colift along
the coequalizer: Given an epimorphism 7: ¢ — t with 7 = «,7 for all r = 1,...,k, the colift
along the projection 7 = 7: ¢ — d is simply given by v~17: d — ¢.

The universal property of Coeq(I") as a coequalizer completion of the one-object groupoid
I' is_easy to describe: Given a functor Y: I' — T into a category T with coequalizers, the
lift Y': Coeq(I') — T is constructed by the following simple ur-algorithm: Write each object
¢ € Coeq(I') as the coequalizer of the identity 15: 1 — 1 (of the principal I'-set) and the
automorphisms w1, ..., uck,: 1 — 1, where {uc1,...,uc, } is any generating set of U.. Now
define Y(c) as the coequalizer in T of the identity Y (1) = idy (. and the automorphisms
Y (ue),--- Y(uer,): Y(x) — Y (x). Since such a specific coequalizer is central for lifting an
action of a group I to a functor Coeq(I') — T (and then to a functor I-FinSet = LiCoeq(I") —
T), we give it a special name in CAP:

coeq, () := CoequalizerOfIdentityAndAutomorphisms(t, (aq,. .., ax)). (12)
In our case t =Y (x) € T and o, = Y (uer) € Autp(t) for r=1,... k = k..

The finite coproduct completion of a skeletal object-finite category. Let C be a cat-
egory with finitely many objects {C1,...,C;} (in our application C = Coeq(I") with objects
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{1,....¢} = {I'JUy,...,I’/U;}). If C is even skeletal, then we can choose a model for the
coproduct completion®

LUC := FiniteStrictCoproductCompletion0fObjectFiniteCategory(C),

which is both skeletal and strict: An object T := ]_[i:1 CH™e € LUC can be identified with the
l-tuple (my, ..., my) of multiplicities of the objects C, in the coproduct decomposition of 7. In
this skeletal data structure the coproduct of two /-tuples is just their componentwise summation.

We will refrain from describing the data structure of a general morphism in LIC here, since
the only morphisms we need in the following subsections are automorphisms in LIC, for which
we will now describe a simpler data structure: Indeed, being an automorphism of T forces
morphisms between the transitive cofactors to remain in the same component. This translates
to the isomorphism

AutuC(T) = Autc(cl) 0Sm, X -- X Autc(Cg) U Smy, (13)
where each element is an /-tuple with c-th entry given by a pair
((aety - oy Oem, ), 0c) € Autc(Ce) U Sm,. = Autc(Ce)*™e X Sy, .

In Section 4.2 we will describe the implementation of Coequalizer0OfIdentityAndAutomorphisms
in T := UC using the Schreier-Sims orbit algorithm.

The category I'-FinSet as a tower. A skeletal model of I'-FinSet is finally given by the
coproduct completion I'-FinSet ~ LiCoeq(I").

The automorphism group of an object C, := I'/U, € Coeq(I") is Aut(I’/U,) = Np(U,)/U.
by (11), and any automorphism of Hﬁzl(F/Uc)“mc € I'-FinSet can be modeled according to
(13) by an element in the group x‘_; Ng(U.) 1 S,,,, which is again an ¢-tuple with c-th entry
given by a pair ((Ve1, .-, Vem.)s0c) € Np(Ue) 0Sm, < T'USp, =17 xS,

The finite products in LiCoeq(I") can be easily computed using the table of Burnside marks
{,BF/UC}ﬁzl of I' with fp/y, = Homeeeqr)(—, I'/U;). In fact, I'-FinSet ~ LiCoeq(I") is an
elementary topos. We have implemented this tower in the CAP-based package FinGSetsForCAP’
[2] together with its universal property as a finite colimit completion. This universal property is
given by the composition of the ur-algorithm of the coequalizer completion (see Section 4.2) and
the ur-algorithm for the finite coproduct completion, the latter being formal. The computational
access to this universal property is key for the computation of the Kleisli composition in the
biset category, as we have seen in Section 3.1.

4.2 A categorical interpretation of the Schreier-Sims algorithm

In order to implement the Kleisli composition in Figure 1 we need to compute the special
coequalizer CoequalizerOfIdentityAndAutomorphisms (12) in the category T = UC, where
C is a skeletal object-finite category {C1,...,C¢} equipped with such coequalizers, specialized
to C = Coeq(I') for I' = K.

It turns out that computing coeqp(a) as in (12) for T € T = UC and o = (ag,...,q5) €
Autp(T)** reduces to the Schreier-Sims orbit algorithm and gives the latter an elegant cat-
egorical interpretation: Because all morphisms in the above tuple o are automorphisms we
can reduce the computation of the coequalizer to each cofactor of T := Hi:l CH™e, and
then use the functoriality of the coproduct to recover the coequalizer. So we can assume

% The constructor FiniteStrictCoproductCompletion0fObjectFiniteCategory was implemented in
the CaP-based package FiniteCocompletions [3].

" The package contains a primitive implementation of the category FinSet-I" of right I'-sets by the
third author. We will replace this primitive implementation by a compilation using CompilerForCAP
[11,12] of the tower LiCoeq(I™°P) ~ FinSet-I".
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T to be a coproduct T = C"™ of the same object C € C. For r = 1,...,k each «a, =
((Wr1y -y Vem),0r) € Autp(T) = Autc(C) 1 Sy,. Define P = (o1,...,0k) < S,,. Without
loss of generality we can assume that P acts transitively on the set {1,...,m} =p S\ P
(from the right) with S = Stabp(1), otherwise we restrict to P-orbits. Under these assump-
tions D := coeqp(a) € C C T is a factor object of C' in C. In order to compute D € C and
the m projections m;: C' — D we invoke the Schreier—Sims orbit algorithm for the transitive
permutation group P and obtain m words t; = (),ta,...,t,n and z = mk — m + 1 words
sj in k indeterminates such that the evaluation ti(o1,...,0r) € P is the transversal of the
right coset St;(o1,...,0,) C P corresponding to the point ¢ € {1,...,m} and the evaluations
sj(o1,...,05) € Pfor j =1,...,2 generate the stabilizer S. We now replace the o,’s with the
a,’s in the evaluations and applying them to 1 € {1,...,m}. Doing this, we first obtain z many
automorphisms §; = L.sj(a, ..., ax) € Autc(C) with D = coeq () along with the coequalizer
projection 7 : C' — D. Finally, we obtain the m projections as 7; := 1.t;1(a1, coap)m: C— D.

4.3 Action pair as a data structure for a biset

According to (10) a morphism X € FinBiset(G, H) corresponding to the (H, G)-biset g Xq is
a functor X: G — H-FinSet ~ LUCoeq(H). We now describe the data structure for X. Let G
be generated by {g, |a=1,...,n}:

G={(ga|la=1,...,n).

The data structure for X is given by an action pair x = (g X, (Xa)h—;) which simply encodes
the corresponding group homomorphism x: G — Aut(yX) from (2), i.e., with x4 = x(ga) €

Aut (HX)
According to Section 4.1, the first component of the pair y is the left H-left y X € H-FinSet,
which was represented above by an ¢-tuple (my, ..., m;) of multiplicities. Furthermore, each H-

equivariant automorphism y, of g X in the second component is given by an ¢-tuple

l
L
(Xa,c)ﬁ:l = (((Va,ch ey Va,cmc)a Ua,c))czl S >< NH(UC) ! Smca

c=1

where {U.}’_, are representatives of the conjugacy classes of subgroups of H. Note that the
action of G described in (3) corresponds to the action of the subgroup x‘_,S,, generated by
(0a1s---r000) fora=1,... ,n.

The additive decomposition of an action pair into an action pair of transitive bisets starts
by decomposing an action pair x = ((me)i_;, ((XG7C)£:1)Z:1> into its £ many components. The
c-th component can then be decomposed further by considering the orbits of the permutation
group P, = (04c|a=1,...,n)s, on{l,...,m}.

The slightly longer arXiv version [4] of this paper describes how to pass from a subgroup
D < H x G to the action pair of the corresponding transitive (H, G)-biset (H x G)/D, and vice
versa.

5 The relation to the category of generalized morphism in the
Abelian group case

One can further restrict FinBiset to the full subcategory on finite Abelian groups. Mackey’s
formula (6) states that the composition of two transitive bisets of Abelian groups is at most
a multiple of a transitive biset. When ignoring these multiplicities in the composition (e.g., by
setting them to 1), the transitive bisets of Abelian groups define a category, which coincides
with the category G(FinAb) of generalized morphisms of the category FinAb of finite Abelian
groups. The category of generalized morphisms G(A) of a general Abelian category A was
introduced in [1] and further investigated and implemented in CAP in [6].

While FinBiset is enriched over the category of finitely generated free commutative monoids
(where the pre-additive structure is a manifestation of the coproduct of I'-sets), G(A) is enriched
over commutative inverse monoids [1].
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