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1 Introduction

Hypergraph theory is a generalization of graph theory in which an edge can be any non-empty
subset of the vertex set, and thus may contain more than two vertices. Given a hypergraph
H, with vertex set V , a non-empty subset S of V is transversal to H if S has a non-empty
intersection with every edge of H. The transversal hypergraph of H, denoted by Tr(H), is the
set of all subsets of V which are transversal to H and inclusion-minimal with that property.

Over the past two decades, hypergraphs have gained significant attention and are used in ar-
eas like artificial intelligence [1,12,13,24], chemistry [18], computer vision [5], integrated circuits
and VLSI [16], Physics [22], HPC and scheduling [6,9], data mining [15], social sciences [14,20,23],
database theory [10], model-based diagnosis [10], and even philosophy [21], to name a few. In
particular, the computation of transversal hypergraphs is commonly used in these applications
of hypergraph theory.

Traditionally, Tr(H) is computed by a divide-and-conquer algorithm based on a formula due
to Claude Berge [2]. This approach has been improved in terms of algebraic complexity [17] and
cache complexity with parallelism in the fork-join model [19]. Recent studies suggest that the
running time of Berge’s algorithm is on average quasi-linear in the size of Tr(H) [8].

The size of Tr(H) can be exponential in the size of H, thus no algorithm computing Tr(H) can
run in polynomial time. However, the question of whether Tr(H) can be computed in output-
polynomial total time (i.e., in time polynomial in the combined sizes of the input and the
output) is an open problem. Studying this latter problem has lead to another line of research,
in particular by Thomas Eiter and Georg Gottlob [10], based on a completion algorithm for
computing Tr(H). Eiter and Gottlob show that when the rank of H (i.e., the maximum edge
size) is bounded by a constant k, Tr(H) can be computed in incremental-polynomial time,
yielding an output-polynomial algorithm for this important subclass.

Furthermore, Eiter and Gottlob show that when H is β-acyclic (in the sense of Fagin [11]),
Tr(H) can be computed in output-polynomial time by a divide-and-conquer algorithm (which
we call BetaTr) that exploits the ear-decomposition structure of β-acyclic hypergraphs. This
structural approach is particularly appealing because checking β-acyclicity can be done in poly-
nomial time.

In this paper, we discuss these lines of research and present parallel and optimized C imple-
mentations of: (i) the divide-and-conquer algorithm based on Berge’s formula (following [19]),
(ii) the bounded-rank completion algorithm of Eiter and Gottlob [10], and (iii) the BetaTr
algorithm for β-acyclic hypergraphs [10]. All implementations use bitvector edge encoding for
efficient set operations and employ OpenCilk for task and data parallelism. The source code is
available at www.bpaslib.org.

2 Transversal Hypergraphs

This section is a brief overview of the basic notions of hypergraph theory, with a focus on
transversal hypergraphs and the main algorithms to compute them. For a detailed exposition
we refer to the books of Claude Berge [3] and Alain Bretto [4]. We assume that the reader is
familiar with the basic concepts of graph theory. In this paper, all hypergraphs are undirected
and have no duplicate hyperedges. We start with the following definition.

www.bpaslib.org
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A hypergraph is a pair H = (V,E) where V is a non-empty finite set, the elements of which
are called the vertices of H, and E is a set of non-empty subsets of V , called the hyperedges of
H. The degree of a vertex v ∈ V is the number of hyperedges e containing v. If a vertex has
degree zero, then it is said to be isolated. The rank (resp. anti-rank) of H is the maximum (resp.
minimum) cardinality of a hyperedge of H. A subset S of V is said transversal to H, whenever
S has a non-empty intersection with every hyperedge of H.

For any hypergraph H = (V,E), there are hypergraphs which we associate to H:

- The complement hypergraph of H is the hypergraph Compl(H) = (V, F ) where F = {V \e |
e ∈ E}. We remark that this is only possible if H does not have V as a hyperedge since
otherwise Compl(H) would have an empty hyperedge.

- The minimal hypergraph of H is the hypergraph Min(H) = (V, F ) where F consists of all
hyperedges of H which are minimal with respect to inclusion.

- The maximal hypergraph of H is the hypergraph Max(H) = (V, F ) where F consists of all
hyperedges of H which are maximal with respect to inclusion.

- The transversal hypergraph of H is is the hypergraph Tr(H) = (V,Z), where Z consists of
all transversals of H that are minimal with respect to inclusion. It is easy to prove that the
hypergraphs Min(H) and Tr( Tr(H)) are equal.

We illustrate the above notions with a small example.

Example 1. Consider the hypergraph H = (V, E) with V = {a, b, c, d, e} and E = {E1, E2, E3, E4}
where E1 = {a, b, c}, E2 = {a, b}, E3 = {b, c, d}, E4 = {d, e}, depicted on the top-left of Fig-
ure 1. Since E2 ⊂ E1, H is not simple. The hypergraph Max(H) loses E2 since it is contained
in E1; similarly Min(H) loses E1 since it contains E2. The transversal hypergraph Tr(H) is
shown in the bottom center; every hyperedge of Tr(H) has a non-empty intersection with every
edge of H and is inclusion-minimal with that property. The hypergraph H ′ (bottom-right) is
isomorphic to H (via a↔ c) but not equal to H.
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Fig. (1) Top row: H (left), Max(H) (middle), Min(H) (right). Bottom row: H (left), Tr(H)
(middle), H ′ isomorphic to H via a↔ c (right).

Computing Min(H) and Max(H) is a well-studied question in the more general context of
partially ordered sets (posets). For a poset P = (P,≺) with n = |P | elements and maximum anti-
chain length ℓ, Min(P) can be computed in O(ℓn) time [7]. A cache-optimal parallel algorithm
for Min(P) in the fork-join model is presented in [19]. A poset is ranked if there exists a rank
function rank(·) such that rank(x) < rank(y) implies y ̸≺ x. The poset (2V ,⊂) is ranked by
set cardinality, and the algorithm of [19] can be further optimized for ranked posets when rank
comparisons are cheaper than inclusion tests.
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2.1 The Divide-and-Conquer Algorithm Based on Berge’s Formula

Computing Tr(H) is another well-studied question. We start with the simple procedure proposed
by Claude Berge in [2] by means of two elementary observations:

1. If the hypergraph H = (V,E) has a single hyperedge e, then Tr(H) = (V,Z), where Z =
{{v} | v ∈ e}.

2. If E and E′ are two disjoint subsets of 2V \ ∅ then the transversal hypergraph of H =
(V,E ∪ E′) can be computed by the following formula

Tr(H) = Min( Tr((V,E)) ∨ Tr((V,E′))), (1)

where, for two hypergraphs T = (V,E) and T ′ = (V ′, E′) the operation T ∨ T ′ is defined as
follows:

T ∨ T ′ = (V ∪ V ′, {e ∪ e′ | (e, e′) ∈ E × E′}). (2)

Together, these observations yield a divide-and-conquer algorithm. Given H = (V, E) with
m = |E| edges, we split E into halves EL and ER, recursively compute their transversals, and
combine via Equation (1). The base case m = 1 is handled by observation (1). When m = 2, the
two edges E1 and E2 are handled directly: Tr((V, {E1, E2})) = {{x} | x ∈ E1 ∩ E2} ∪ {{x, y} |
x ∈ E1\E2, y ∈ E2\E1}. This binary splitting continues until one of these base cases is reached,
producing a recursion tree of depth O(logm). Importantly, the two recursive calls at each level
are independent, making them natural candidates for parallel execution.

2.2 The Completion Algorithm of Eiter and Gotlob

The completion algorithm of Eiter and Gotlob [10] provides an output-polynomial method for
computing Tr(H) when the rank r(H) = max{|E| : E ∈ H} is bounded by a constant. The
algorithm maintains a set G which is gradually extended until G = Tr(H). At each step, G ⊆
Tr(H) holds as an invariant.

The algorithm relies on the following characterization. Let H be a hypergraph with rank
r(H) ≤ k for some constant k ≥ 0. Then G = Tr(H) if and only if P ∧Q holds, where:

- P: Tr(G)|r ⊆ H, meaning every edge of Tr(G) with cardinality at most r is an edge of H;
- Q: there exists no G′ ⊆ G with |G′| = r+1 such that for all E ∈ G, E ̸⊇ {x ∈ V : d(x,G′) >
1}, where d(x,G′) denotes the number of edges of G′ containing x.

When either condition fails, a witness can be extracted and minimized to obtain a new
T1 ∈ Tr(H) \ G, which is added to G. Each iteration runs in polynomial time and produces
one additional minimal transversal, so Tr(H) is computed in incremental-polynomial time when
r(H) ≤ k.

In practice, the condition P corresponds to enumerating subsets of V of cardinality at most r
and checking whether each is a transversal of G that is not already in H. This is the C1 phase of
the algorithm. The condition Q corresponds to searching over (r+1)-subsets of G and checking
whether a certain vertex set is a transversal of H not covered by G. This is the C2 phase.

2.3 The Divide-and-Conquer Algorithm of Eiter and Gotlob for β-Acyclic
Hypergraphs

Several notions of acyclicity for hypergraphs have been proposed. Following Fagin [11], we con-
sider α-, β-, γ-, and Berge-acyclicity, forming the proper inclusion hierarchy: Berge-acyclic ⇒
γ-acyclic ⇒ β-acyclic ⇒ α-acyclic. A hypergraph H is α-acyclic if it can be reduced to the
empty hypergraph by the Graham–Yu–Ozsoyoglu (GYO) reduction, which repeatedly (1) re-
moves a vertex v occurring in only one edge, and (2) removes an edge E′ contained in another
edge E. A hypergraph is β-acyclic if every sub-hypergraph is α-acyclic.
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The key structural concept is the ear node: a vertex v appearing in exactly one edge. Every
simple β-acyclic hypergraph with a nonempty edge has an ear node [10], and β-acyclicity can
be checked in polynomial time by repeatedly removing ear nodes and simplifying.

Eiter and Gotlob exploit this ear-decomposition structure to compute Tr(H) for β-acyclic
hypergraphs via the following divide-and-conquer algorithm.

Algorithm 1: BetaTr(H)
Input: Simple β-acyclic hypergraph H = (V, E)
Output: Tr(H)

1 if E = ∅ then
2 return {∅}
3 if ∅ ∈ E then
4 return ∅
5 Find an ear node v appearing in exactly one edge E ∈ E
6 H1 ← Min({F ∩ (V \ E) | F ∈ E} \ {∅})
7 H2 ← Min((E \ {E}) ∪ {E \ {v}})
8 T1 ← BetaTr(H1)
9 T2 ← BetaTr(H2)

10 return {{v} ∪ T : T ∈ T1} ∪ T2

Since β-acyclicity is preserved under sub-hypergraphs, H1 and H2 are again β-acyclic and the
recursion is well-founded. The total number of recursive calls is O(ve(H) · |Tr(H)|), where ve(H)
is the number of essential vertices, so the overall running time is bounded by q(m,n)·(|Tr(H)|+1)
for some polynomial q. Thus BetaTr computes Tr(H) in output-polynomial time for β-acyclic
hypergraphs [10].

3 Parallel Algorithms for Transversal Hypergraph Computations

All our implementations encode hyperedges as bitvector arrays: bit i of word ⌊i/64⌋ records
membership of vertex i, so that intersection, union, and subset tests reduce to word-level bitwise
operations in O(⌈|V |/64⌉) time per edge. Parallelism is provided by OpenCilk, a lightweight
fork-join framework with work-stealing scheduling.

3.1 Parallelizing Berge’s Formula

Following [19], we implement the divide-and-conquer algorithm of Section 2 with two levels of
parallelism.

Task Parallelism in the Recursion. When the edge set E has more than a threshold number of
edges (we use 32 in practice), it is split into two halves EL and ER. The recursive calls Tr((V, EL))
and Tr((V, ER)) are independent and are executed concurrently via cilk_spawn and cilk_sync.
Below the threshold, a serial base case is used.

Parallelism in the Merge. The merge step forms all pairwise unions of transversals from the two
subproblems and removes non-minimal elements. The computation of Min() is itself parallelized
using the cache-optimal algorithm of [19], which uses a four-way divide-and-conquer with a
2+sync+2 parallelization pattern.

3.2 Parallelizing Eiter and Gotlob’s Completion Algorithm

The completion algorithm of Section 2.2 has a serial main loop: each iteration either extends G
by one minimal transversal or terminates. Within each iteration, however, both the C1 and C2
phases expose substantial data parallelism.
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Parallel C1 (Subset Enumeration). The C1 phase enumerates all k-subsets of V (for k = 1, . . . , r)
and tests whether each is a transversal of G not already in H. We pre-generate the

(|V |
k

)
candi-

date subsets and distribute them across workers using cilk_for. Each worker tests candidates
independently against a read-only snapshot of G. An std::atomic<bool> flag provides early
termination: once any worker finds a valid candidate, all others skip their remaining work.

Parallel C2 (Vertex-Subset Search). The C2 phase searches over subsets of G for a witness that
Q fails. In our implementation, the search space is divided into chunks that are distributed via
cilk_for. A resume bookmark persists across iterations so that later calls only scan the residual
range, reducing chunk count and avoiding unnecessary spawn overhead. As in C1, the first valid
witness is stored via atomic compare-and-exchange.

3.3 Parallelizing BetaTr

The BetaTr algorithm of Section 2.3 has a natural recursive structure: at each step, two
independent subproblems H1 and H2 are constructed and solved recursively, analogously to
the fork-join pattern in Berge’s divide-and-conquer. We parallelize these recursive calls using
cilk_spawn and cilk_sync.

However, the two subproblems are typically unbalanced. The subproblem H1 (projecting
edges onto V \ E) tends to be smaller, while H2 (removing a single vertex from the ear edge)
retains most of the structure of H. This imbalance limits the effective parallelism exposed by
the recursion.

4 Experimentation

All experiments were conducted on an Intel i7-1185G7 (4 cores, 8 threads) running Linux, com-
piled with OpenCilk-enabled clang++ at optimization level -O2. We compare three algorithms:
the parallel divide-and-conquer based on Berge’s formula (trvgen), the parallelized bounded-
rank completion algorithm (Completion), and the BetaTr algorithm for β-acyclic inputs.

4.1 Data Sets

We use the following families of hypergraphs:

- Kn,k: the complete k-uniform hypergraph on n vertices, consisting of all
(
n
k

)
subsets of size

k. These have bounded rank and dense edge sets.
- Ld: the circuit hypergraph of a lattice matroid of dimension d, ordered in colexicographic

order. These have moderate vertex counts but large edge sets.
- mN : perfect matching hypergraphs with N vertices and N/2 disjoint edges of size 2. These

are β-acyclic, sparse, and have 2N/2 minimal transversals.

4.2 Divide-and-Conquer vs. Completion

Table (1) trvgen (8 threads) vs. Completion, serial and parallel. Times in seconds.
Input |V | |E| trvgen Compl. (serial) Compl. (parallel)

K14,7 14 3 432 0.003 12.37 5.14
L6 21 1 237 0.029 15.19 8.14

For these inputs, trvgen is substantially faster than Completion. The parallel Completion
achieves 2.4× speedup over the serial version on K14,7 (C1-dominated) and 1.9× on L6 (C2-
dominated). However, candidates in the completion algorithm are enumerated serially (each
iteration depends on the previous result), which limits overall parallel speedup.
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4.3 Edge Ordering Sensitivity

The divide-and-conquer algorithm splits the edge list at the midpoint, so edge ordering strongly
affects intermediate transversal sizes. Colexicographic (colex) ordering keeps related edges to-
gether, producing small intermediates. In contrast, the completion algorithm processes edges
incrementally against the growing output G, so its per-iteration cost depends on |G| and |V |
but not on edge order. Table 2 confirms this: on L6, a single unlucky shuffle causes a > 106×
slowdown for trvgen, while Completion is completely unaffected. We therefore recommend a
cheap O(|E| log |E|) colex sort as a preprocessing step before invoking trvgen.

Table (2) Effect of edge ordering on running time (seconds).
Input Ordering trvgen Completion

L5 (|V |=15)
Colex 0.002 0.150
Reversed 0.002 0.134
Shuffled (avg) 0.117 0.132

L6 (|V |=21)
Colex 0.029 15.91
Reversed 0.027 15.57
Shuffled (worst) 79 152 15.19

4.4 BetaTr on β-Acyclic Inputs

Table 3 compares BetaTr with trvgen on perfect matching hypergraphs, which are β-acyclic.

Table (3) BetaTr vs. trvgen on perfect matchings.
Input |V | |E| |Tr| trvgen BetaTr

m24 24 12 4 096 0.051 s 0.007 s
m28 28 14 16 384 0.531 s 0.028 s
m30 30 15 32 768 2.23 s 0.060 s
m34 34 17 131 072 35.6 s 0.234 s
m36 36 18 262 144 >120 s 0.473 s
m40 40 20 1 048 576 >120 s 1.04 s

BetaTr achieves speedups of up to 253× over trvgen. The advantage grows with the num-
ber of vertices because BetaTr runs in time polynomial in |Tr(H)| for β-acyclic inputs, while
trvgen’s running time depends on the sizes of intermediate results, which grow combinatori-
ally. However, on dense inputs (where |E| ≫ |V |), the O(|E|2) cost of the simplification step in
BetaTr can dominate, making trvgen preferable.

4.5 Dispatcher Strategy

Based on these experiments, we propose an algorithm dispatcher that selects the best method
for a given input:

1. If H is simple, |E| ≤ |V |, and H is β-acyclic, use BetaTr.
2. Otherwise, sort E into colexicographic order and use trvgen.

The β-acyclicity check runs in O(|V |2 · |E|) time, which is negligible compared to transversal
computation.

5 Concluding Remarks

We have presented parallel and optimized C implementations of three complementary algorithms
for computing transversal hypergraphs: (i) the divide-and-conquer algorithm based on Berge’s
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formula, with task parallelism via recursive fork-join and a cache-optimal parallel merge; (ii)
the bounded-rank completion algorithm of Eiter and Gotlob, parallelized for the first time using
data-parallel subset enumeration and vertex-subset search; and (iii) the BetaTr algorithm
for β-acyclic hypergraphs, which exploits ear-node decomposition to achieve output-polynomial
running time.

Our experiments show that each algorithm has a distinct performance profile: trvgen is the
fastest general-purpose method when edges are well-ordered, but it is highly sensitive to edge
ordering; the completion algorithm is immune to ordering effects but limited by serial candidate
enumeration; and BetaTr achieves up to 253× speedup over trvgen on sparse β-acyclic inputs.
A simple dispatcher that checks β-acyclicity and pre-sorts edges can select the best algorithm
automatically.

Several directions for future work are worth pursuing. First, the three algorithms can poten-
tially be composed: for a general hypergraph H, one can identify the β-acyclic components of H
(if any exist), apply BetaTr to those components, and use trvgen or the completion algorithm
for the remainder. Second, the parallelization of BetaTr can be improved by addressing the
load imbalance that arises when the two subproblems H1 and H2 differ greatly in size. Third, it
would be interesting to investigate whether the completion algorithm can be made more parallel
by parallelizing the data enumeration within and across iterations.

Disclosure of Interests. The authors have no competing interests to declare that are relevant to the
content of this article.
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