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Abstract. We describe a mathematical software package for the fast and reliable eval-
uation of the cumulative distribution function (cdf) of positive semidefinite quadratic
forms in Gaussian random variables. Building on our previous theoretical work, the pack-
age implements several symbolic-numeric algorithms based on the closed-form modified
Laplace transform of the cdf and its D-finite structure: a classical recurrence, a positivity-
preserving recurrence that eliminates the cancellation phenomenon between coefficients
alternating in sign, and a faster scheme combining transposed multipoint evaluation with
FFT-based power-series exponentiation. The paper focuses on the software aspects of
these developments: algorithm implementation, numerical robustness, precision manage-
ment, and practical handling of difficult parameter regimes. We detail the implementation
in Julia and MATLAB, discuss the overall evaluation workflow, and compare different op-
erating modes for balancing reliability and speed of execution. Numerical experiments on
benchmark instances show that the positivity-preserving implementation provides the
best overall robustness, while the fast implementation opens the way to scalable high-
dimensional computation.
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1 Introduction

Quadratic forms in Gaussian random variables arise in many areas of applied mathematics and
scientific computing, including multivariate statistics, signal processing and control, uncertainty
quantification, and risk assessment [5,6,8]. In such applications, a central task is the evaluation
of the cumulative distribution function

Folg) =P(Q<q), q=0,
for a positive semidefinite Gaussian quadratic form
Q=E5TA=, E~NWwX), A=0,
where Z € R? is a normal random vector. Writing the spectral decomposition
S12ASY? = pAPT, A=diag(Ai,..., ), X\ >0,

and defining b := PTX~1/24, one obtains the classical reduction

d
Q=Y N(Zi+b) Z : (1)
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where Z1,...,Z, are independent standard normal variables and X; ~ N (v;,0?) are indepen-

dent with
Vi =/ )\z bi, 0752 = )\z

The random variable @ is distributed as a generalized noncentral chi-square variable [3].

Existing approaches include numerical inversion of characteristic functions, saddlepoint ap-
proximations, and convergent series or mixture methods, see, e.g., [5,4,7,9,6,8]. Our companion
paper [1] proposes an approach based on Laplace transform of the cdf and algebraic properties of
D-finite functions. The present paper is concerned with the corresponding software artifact. The
main practical issue is reliable finite-precision evaluation, especially in regimes where cancellation
may seriously degrade the result. In larger numerical pipelines, robustness and reproducibility
are as important as execution speed.

We present a package implementing three evaluation modes: a direct recurrence CDFREC, a
positivity-preserving recurrence CDFPOSREC, and a faster accelerated scheme based on trans-
posed multipoint evaluation and FFT-based power-series exponentiation CDFFAST. The package
is available in MATLAB and Julia. Our goal is to show that the approach of [1] can be turned into
practical mathematical software, and to assess experimentally the trade-offs between simplicity,
robustness, and speed.

2 Algorithms and Software

The software follows the reduction of [1]. For a fixed threshold ¢, define

9(&) =P(Q <&q), £>0,

so that Fo(g) = ¢g(1). Using (1), this becomes

d
9(6) = P(ZXE < €q> 7
=1

and the initial problem is reduced to the evaluation of g(1). The key mathematical ingredient
is a modified Laplace transform of g, which is a D-finite function: it satisfies a linear differen-
tial equation with polynomial coefficients, and its Taylor coefficients therefore satisfy a linear
recurrence with polynomial coefficients in the index variable. Furthermore, this function is also
available in closed form in terms of the reduced parameters (p;, m;) [10,1]:

After preprocessing, the parameters are ordered so that p; = max; p;, and a preconditioning
step factors out the dominant exponential contribution. The remaining expression then depends
on the shifted quantities o; = p; — p; and on the noncentrality parameters m;. This rewriting
is numerically important: it separates the largest exponential scale to ensure the positivity
of the Taylor coefficients of the remaining function, thereby reducing cancellation in the final
summation. The preconditioned Laplace transform remains D-finite. As a result, the evaluation
of Fo(g) = g(1) is reduced to the computation of a finite number of coefficients, followed by the
summation of a truncated series and the restoration of the prefactor e P1. Moreover, the explicit
remainder bounds derived in [1] allow the truncation order N to be selected automatically.

o Algorithm CDFREC is properly formulated in [1, Sec. 2] as the generalization in any dimension
d of the scalar recurrence approach of [10]. Despite the positivity of the Taylor coefficients,
because the recurrence generating them involves coefficients with alternating signs, cancella-
tion may severely degrade numerical accuracy as the dimension d or the truncation order N
increases.
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e Algorithm CDFPOSREC in [1, Sec. 3] replaces the scalar recurrence by an equivalent positivity-
preserving coupled recurrence, which strongly reduces cancellation and gives the best finite-
precision robustness in our experiments.

o Finally, Algorithm CDFFAST in [1, Sec. 4] accelerates coefficient generation by transposed
multipoint evaluation followed by an FFT-based power-series exponentiation. Its asymptotic
cost is more favorable than the purely recurrence-based approaches, at the price of a larger
constant factor and a more sophisticated implementation. This makes it most beneficial for
high-dimensional problems, when both d and N get large. In addition, the error analysis
detailed in [1] demonstrates that this method only guarantees an absolute error on g(1) =

Fola)-

These algorithms are implemented [2] as the routines cdf_rec, cdf_pos_rec and cdf_fast
in a Julia package called Quadratiques.jl. They take as input the values of the parameters v;,
o; of the distribution, together with R = ,/g. An additional integer parameter ¢ in cdf_fast
controls the degree of intermediate power series in the transposed multipoint evaluation scheme.
Using Julia’s multiple dispatch, computations can be carried out seamlessly in machine floating-
point double-precision arithmetic (Float64 datatype) or arbitrary precision arithmetic using
the integrated BigFloat wrapper for the C MPFR library. For machine precision however,
specific routines cdf_rec_exponent and cdf_pos_rec_exponent implement a finer control of
the exponent of Float64 numbers to reduce the risk of overflow and underflow (this has not
been implemented for cdf_fast yet). Note also that cdf_fast does not currently implement
all the necessary fast subroutines (notably FFT-based polynomial multiplication) to reach the
complexity claimed by [1, Thm. 1.2]. Nonetheless, significant speedups compared to cdf_rec
and cdf_pos_rec on high-dimensional instances are already observed, as detailed in the next
section.

function cdf_rec(R::T, d::Int, nu::Vector{T}, sigma::Vector{T}, N::Int) where
{T<:Real}

function cdf_rec_exponent(R::Float64, d::Int, nu::Vector{Float64},sigma: :Vector
{Float64}, N::Int; max_expo::Int=800)

function cdf_pos_rec(R::T, d::Int, nu::Vector{T}, sigma::Vector{T}, N::Int)
where {T<:Real}

function cdf_pos_rec_exponent(R::Float64, d::Int, nu::Vector{Float64}, sigma::
Vector{Float64}, N::Int; max_expo::Int=800)

function cdf_fast(R::T, d::Int, nu::Vector{T}, sigma::Vector{T}, N::Int, t::
Int) where {T<:Real}

We also provide a MATLAB implementation of CDFREC and CDFPOSREC in machine double
precision, which is targeted for moderate precision and engineering applications. This allows for
a more direct comparison with the state-of-the-art package of Das [3].

One of the main practical benefits of the power series approach is that truncation can be
controlled by explicit analytic bounds. Rather than exposing a raw number of series terms as a
user parameter, the next version of the package will accept a target tolerance and computes a
truncation order IV that is sufficient for that tolerance. Furthermore, the rounding error analysis
in [1] allows for considering also a bound for the rounding error.



4 D. Arzelier, F. Bréhard, and M. Joldes
3 Numerical Experimental Evaluation

The goal of the numerical experiments is not only to measure execution times, but to evaluate
the package as a mathematical software. We therefore focus on three questions:

1. How do the dimension d and the parameters o;, v;, ¢ influence the practical performances of
our algorithms in terms of computation time and accuracy?

2. Does the positive recurrence-based routine cdf_pos_rec truly offer superior floating-point
rounding error performance compared to cdf _rec in practice?

3. In which regimes does the accelerated routine cdf _fast become advantageous?

The benchmarks are organized around families of instances chosen to stress different aspects
of the problem. Typical dimensions range from small and moderate values, where all routines are
expected to succeed, to larger values for which coefficients generation becomes more expensive.
The package Quadratiques.jl [2] is distributed together with benchmark scripts and input
data in the examples/ directory, so that reported timings and numerical comparisons can be
regenerated systematically. Results reported below were obtained using a laptop equipped with
an Intel i7-1185G7 CPU (4 cores, 4.800GHz), 32GB of RAM, running Ubuntu 22.04.5 LTS and
Julia v1.11.1.

3.1 Low-dimensional test cases

In this first numerical experiment, implemented in ExamplesCdfPosRec.jl, we evaluate the
performance of cdf_rec_exponent and cdf_pos_rec_exponent. Below is a minimal working
example of how to invoke these routines:

using Quadratiques

nu = [0.2, -0.5, 1.0]
sigma = [1.0, 0.7, 1.5]

d = length(nu)
q=4.0

R = sqrt(q)

N = 80

p_rec = cdf_rec_exponent(R, d, nu, sigma, N)
p_pos_rec = cdf_pos_rec_exponent(R, d, nu, sigma, N)

The benchmark is composed of a mixed set of synthetic examples, constructed directly in the
(R, d,v,o) parametrization used by the implementation and a subset of external examples taken
from the Das benchmark collection [3]. It was designed to cover a range of numerical regimes with
a small but structured set of test cases on which cdf_rec_exponent and cdf_pos_rec_exponent
are compared in double-precision floating-point arithmetic. The first synthetic examples were
organized so as to vary the difficulty progressively: isotropic central cases (v; = 0 and 0; = ¢
for all i) were used as baselines; anisotropic central cases (v; = 0, V i) were then introduced
with increasing dispersion in the standard deviations o;; anisotropic noncentral cases were also
obtained by fixing the spectrum and increasing the magnitude of v. Additional cases in dimension
d = 30 were included to test whether the same trends persist in a higher-dimensional setting.
Finally, four challenging cases illustrate how N grows in presence of small o;: hard-1 (anisotropic
central with d = 10 and min; o; = 0.05), hard-2 (same with d = 30), hard-3 (anisotropic
central with d = 10 and min; o; = 0.01) and hard-4 (anisotropic noncentral with d = 30 and
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min; o; = 0.01). In addition, the external Das’ examples provide an independent comparison set
representative of instances already used in the literature.

For each test case, the benchmark reads the tuple (R,d,v,0) and first computes a refer-
ence value pref for F(g) = g(1) using cdf_pos_rec in 1024-bit BigFloat arithmetic with a
conservatively large truncation order N, = 10°. Then, a calibration routine also based on
cdf_pos_rec with BigFloat returns an optimal truncation order N so that the computed value
stays within the requested relative tolerance errmax = 273 ~ 107 !¢ with respect to pye. The
two timed methods, cdf _pos_rec_exponent and cdf_rec_exponent, are finally both run in
double-precision arithmetic with the calibrated truncation order N. For each case, the table
reports:

the reference probability prer,

— the calibrated truncation order N,

the execution times Tposrec and Trec of cdf_pos_rec and cdf_rec,

— the number of accurate digits Dig. posrec and Dig. ec for both routines, computed from the
relative errors,

digits = max(0, — log,(relative error)).

Case Type d Pref N Tposrec (S) Trec (S) Dlg posrec Dlg rec
S1 easy 10 0.3555 30 1.0le-5 5.78e-5 15.9 15.9
S2 easy 30 0.4908 50 3.41e-5 1.7le-4 15.9 15.5
S3  aniso-1 10 0.9974 70 2.38¢-5 1.6le-4 14.9 10.3
S4  aniso-2 10 0.8746 100 3.33e-5  2.38e-4 14.5 4.5
S5 aniso-3 10 0.5960 150 4.99e-5 3.67e-4 14.2 0.0
S6 aniso-4 10 0.2553 330 1.18¢-4 8.68e-4 15.8 0.0
S7 noncent-1 10 0.5799 150  5.29e-5 3.8He-4 14.7 0.0
S8 noncent-2 10 0.5288 150 5.33e-5  3.82e-4 14.8 0.1
S9 noncent-3 10 0.4352 150 5.21e-5 3.85e-4 14.0 0.4
S10 noncent-4 10 0.2957 150 5.34e-5 3.84e-4 14.1 1.0
S11 aniso30-2 30 0.9606 200 1.46e-4 1.36e-3 14.0 0.0
S12 aniso30-3 30 0.5599 340 2.49e-4  2.45e-3 14.2 0.0
S13 noncent30-2 30 0.5068 340  2.50e-4 2.44e-3 13.7 0.0
S14 noncent30-4 30 0.3383 340 2.48e-4  2.49e-3 14.6 0.0
S15 hard-1 10 4.451e-04 7,910 2.93e-3  2.30e-2 12.8 0.0
S16 hard-2 30 2.162e-13 7,900  6.03e-3 7.44e-2 12.8 0.0
S17 hard-3 10 4.101e-06 183,500 9.94e-2 6.21e-1 10.7 0.0
S18 hard-4 30 4.515e-23 183,500 1.96e-1 1.80e+0 10.7 0.0
D1 das 3 0.4936 30 9.04e-6  2.90e-5 15.9 15.0
D5 das 8 0.5913 60 1.99¢-5 1.18e-4 15.2 11.4
D9 das 10 0.5848 80 2.87e-5 1.93e-4 14.4 10.0
D11 das 34 0.5736 210 1.79e-4  1.56e-3 15.5 0.0

For the easy isotropic cases, both methods are highly accurate. For the anisotropic cases,
the results show a transition from similarity (aniso-1) to a clear advantage to cdf_pos_rec
(aniso-2, aniso-3, aniso-4), while the noncentrality transition shows the progressive loss of
accuracy with cdf_rec as the noncentral shift increases. Finally, the four hard cases show that
cdf_pos_rec still makes it possible to compute the probability in Float64 arithmetic to at least
10 digits of accuracy in less than a second, even when several thousands of terms are needed.

3.2 High-dimensional test cases

Theorem 1.2 in [1] predicts that for large d and N, CDFFAST is asymptotically faster than
CDFPOSREC (for a given absolute error target). In order to illustrate this point, it is crucial
to generate instances that are as uniform as possible w.r.t. the dimension d (ranging from 100
to 10,000 in what follows) to allow for consistent comparisons. Moreover, the value g(1) must
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lie sufficiently far away from 0 and 1 for the target absolute error model to make sense. In the
numerical experiment implemented in ExamplesCdfFast. j1, for values of d ranging from 100
to 10,000, we generate uniformly distributed random values o} between 1 and 2. The v} follow a
standard normal distribution. The final values o; and v; are obtained by rescaling o/, v/ by A71,

2?7
where A\ = (2?21 o’ + VZ(2) % For all the tested values of d, the resulting g(1) is close to 0.5, and
the optimal truncation index N always lies between d and 2d, for a target absolute accuracy
of 107'%. We therefore run cdf_fast and cdf_pos_rec on those instances with N = 2d and
BigFloat with 64-bit precision*. The additional parameter ¢ of cdf_fast was also set to 25.

using Quadratiques
setprecision(BigFloat, 64)

d = 1000
N = 2%d
R = BigFloat(1)

sigma = BigFloat. (sort(rand(d))) .+ 1
nu = BigFloat. (randn(d))

lambda = sqrt(sum(nu .” 2 + sigma .~ 2))
sigma /= lambda

nu /= lambda

t = 25

cdf_fast(R, d, nu, sigma, N, t)

el
]

The obtained numerical results show that the target accuracy of 10710 is satisfied on all
instances, with a slight advantage to cdf_pos_rec. However, as soon as d = 300, cdf_fast runs
faster and scales much better with high dimension d. The speedups depicted in Figure 1 reach a
factor of 30 for d = 10,000, reducing the execution time for that case from 104s to 3.5s. It also
reveals a characteristic “sawtooth pattern” due to the use of FFT for the series exponentiation
in CDFFAST.

Although this numerical experiment is far from representing all the diversity of the possible
instances of the problem in high dimension d, the promising results give practical consistence to
the theoretical complexity results proved in [1, Sec. 4], and a motivation for future improvements
in both the method and implementation.

4 Conclusion and Perspectives

The main contribution of the paper is not a new theoretical derivation, but the realization of the
ideas in [1] as reusable software. We described a common implementation framework together
with three evaluation modes. The experiments show that the positivity-preserving mode provides
the best overall robustness, while the fast mode opens promising perspectives for larger and more
demanding computations. More broadly, the package illustrates how holonomic and symbolic-
numeric ideas can be turned into effective mathematical software. This is, in our view, the main
message of the paper: the analytic structure of a difficult probabilistic problem can be exploited
not only to derive elegant formulas, but to build dependable computational tools that are useful
in practice.

Several directions remain for future work. On the algorithmic side, it would be useful to
refine automatic mode selection so that the software can infer from the instance itself whether

4 Using Float64 arithmetic leads to overflows, even with cdf _pos_rec_exponent. In contrast, the much
larger exponent range of BigFloat turns out to be sufficient for this experiment.
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Fig. 1: Speedups obtained using CDFFAST compared to CDFPOSREC.

robustness-oriented or speed-oriented evaluation is preferable. On the implementation side, ad-
ditional vectorization and parallelization strategies could further improve throughput in batch
settings. On the application side, tighter integration with operational risk-assessment workflows
and uncertainty-propagation pipelines would broaden the practical reach of the package.
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