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Abstract. Macaulay2 is a computer algebra platform widely used by researchers in al-
gebraic geometry and commutative algebra. Using the ForeignFunctions package, it is
possible to make calls from Macaulay2 to dynamic libraries such as FLINT. We demon-
strate this by introducing a new Macaulay2 package implementing p-adic numbers using
FLINT via this interface. We discuss implementation details such as memory allocation,
interaction with Macaulay2’s garbage collector, and object-oriented design decisions that
mirror the existing implementations of the real and complex number fields in Macaulay?2.
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1 Introduction

Macaulay?2 [3] is an important research tool for computational algebraic geometers and commu-
tative algebraists. It supports computations in a wide variety of rings, including Z, Q, R, C, F s,
polynomial rings, quotient rings, and fraction fields. However, historically it has not supported
computations in the field Q, of p-adic numbers.

Enter FLINT [5], a popular C library for number theory, which does support p-adic numbers.
Using the Macaulay?2 foreign function interface [6], it is possible to make calls to p-adic number
functions in FLINT from top-level Macaulay2. We introduce the Padic package for Macaulay2,
available at https://github.com/d-torrance /macaulay2-padic, which does this to provide an in-
terface for Macaulay2 users to perform computations in Q. This package has been distributed
with Macaulay?2 since version 1.26.05 and provides complete documentation of its features.

This exists as a proof of concept, as potentially p-adic support (likely still using FLINT)
might one day be added to the Macaulay2 engine and interpreter so that computations in not
just Qp, but in polynomial rings over @, and using matrices with entries in Q,, are possible.

This paper is organized as follows. In Section [2| we provide a brief overview of the p-adic
numbers, and in Section [3] we describe their support in FLINT. In Section [4] we describe how
Macaulay?2 interacts with FLINT at a low level, and in Section 5] we look at the interface from a
higher level, describing in particular various design decisions. Finally, we close with a Macaulay?2
computation demonstrating Hensel’s lemma in Section [6]

2 A review of p-adic numbers

We open with a crash course on p-adic numbers. The reader is encouraged to reference a textbook
such as [2] for more information.

Suppose p is a prime number. The field of p-adic numbers Q, is a set whose elements may
be expressed uniquely as formal Laurent series

o0
> anp” = arp® + appapt 4 (1)
n=~k

where k € Z and a, € {0,...,p — 1}, together with the usual operations of addition and
multiplication in base p, but noting that carrying may continue indefinitely. An enlightening
o0

exercise is to verify that —1 = > (p—1)-p™.

n=0


https://github.com/d-torrance/macaulay2-padic
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For a given € Q,, its p-adic valuation, denoted v, (), is the smallest exponent that appears
with a nonzero coefficient in the expansion given in Equation (1)), e.g., v3(1-3724+2.371) = —2.
In particular, v,(0) = oo.

These series are not convergent in general using the usual absolute value, but they do converge
using the p-adic absolute value

‘x|p = piup(m)-

In fact, Q, is the completion of Q under |- |,, just as R is the completion of Q@ under the usual
absolute value.

The set of all z € Q,, with v,(z) > 0 forms a ring, known as the p-adic integers and denoted
Zp. Furthermore, the multiplicative group Z; of the units of Z,, is precisely the u € Q) for which
vp(u) = 0. It follows that for any nonzero z € Q, with v,(z) = v,

T = Z anpn = (Z an+upn> pu = upV7 (2)

n=0

oo
where u = ) an,p" € L)
n=0
The p-adic exponential and logarithmic functions are defined using their usual power series

expansions provided that they converge, i.e., for € Q, with |z|, < pip%l,

0 "

ex r = E —

Pp n!
n=0

and for z € Q, with |z — 1|, < 1,

x nflx_
logpmzz( D) n( D)

n

Finally, for every x € Z) there exists a unique ¢ € Z,, known as the Teichmiiller lift of x,
for which © = ¢ (mod p) and t? = t. Note that ¢ depends only on the congruence class of z
modulo p.

3 p-adic numbers in FLINT

FLINT (Fast Library for Number Theory) [5] is a C library implementing a wide variety of
number theoretical features. A number of these features, including ball arithmetic and certain
computations over Z, Q, and FF,x, are already used by the Macaulay2 engine and interpreter.
FLINT’s p-adic number module was written by Sebastian Pancratz. To represent x € Q,,
the expansion from Equation is used. However, since a given u € Z, may require infinitely
many digits in base p to represent, it is truncated up to a given precision N. In other words,
the elements x € Q, that may be represented in FLINT are those of the form z = up” where

N-1
w= Z an+uP" (3)
n=0

Since u has finitely many nonzero digits, we certainly have u € Z, and so it is sufficient to
represent x using the integers u, v, N, and p.

FLINT uses two main types in its p-adic number module. A padic_t object contains u, v,
and N, and a padic_ctx_t object contains information about p. This information is separated
so that the same padic_ctx_t object may be used for computations involving multiple padic_t
objects.

A variety of functions exist for performing operations on p-adic numbers in FLINT. See
Table [ for a selection.
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operation FLINT function

—x padic_neg
z ! padic_inv
T+y padic_add
Tr—y padic_sub
T Xy padic_mul
Ty padic_div
z" (n€Z) padic_pow_si
Nz padic_sqrt
€xp, T padic_exp
log, = padic_log
Teichmiiller lift|padic_teichmuller
=y padic_equal
z=0 padic_is_zero

Table 1. FLINT functions for operations in Q)

Furthermore, functions exist for converting back and forth between padic_t objects and
fmpz_t and fmpqg_t objects, which are FLINT’s implementations of integers and rationals, re-
spectively. In particular, using the natural inclusion map Z — Q, (resp. Q — Q,), we may
promote an element of Z (resp. Q) to Q, using padic_set_fmpz (resp. padic_set_fmpq),
and if possible, we may lift an element of Q, to Z (resp. Q) using padic_get_fmpz (resp.
padic_get_fmpq).

4 Foreign function interface and memory allocation

The ForeignFunctions package in Macaulay?2 [0] allows users to make calls to functions in shared
libraries such as FLINT without writing any C code or re-compiling the Macaulay2 binary. In
particular, we may use it to call the p-adic functions outlined in Section

Macaulay2 uses the Boehm-Demers-Weiser conservative garbage collector [I] to allocate and,
as needed, deallocate memory. However, each of the various FLINT types used in the p-adic
number module has functions for both initializing and clearing the memory used by instances
of that type. For example, padic_init (or padic_init2 to specify the precision) is used to
initialize a padic_t object and padic_clear is used to clear it.

Therefore, after allocating the memory for a FLINT object and calling the corresponding
initialization function, we must register a finalizer so that when the garbage is collected and the
memory is freed, the appropriate FLINT function is also called. See Listing [T} Note that when
allocating memory for a padic_t object, we are allocating memory for a struct that fits three
long integers — u, v, and N from Equation E|

needsPackage "ForeignFunctions"

flint = openSharedLibrary "flint"

padicInit = foreignFunction(flint, "padic_init", void, voidstar)
padicClear = foreignFunction(flint, "padic_clear", void, voidstar)
y = getMemory(3 * size long)

padicInit y

registerFinalizer(y, padicClear)

Listing 1: Initializing a padic_t object

3 Actually, u is a fmpz_t object, which is either a long integer or, if needed, a pointer to an arbitrary
precision integer.
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5 Object-oriented design

Just using the foreign function interface to call FLINT functions is not sufficient for doing
computations over @, in Macaulay2. It is necessary to provide a top-level interface with which
users will interact and that wraps the low-level calls to FLINT via the foreign function interface.
Because of the similarities with the real and complex fields in that we are dealing with
numbers with potentially infinitely many digits, let us first review how R and C are implemented
in Macaulay2. Real and complex numbers are instances of the classes RR and CC, respectively.
These classes are both instances of InexactFieldFamily but subclasses of InexactNumberE]
To parallel this, for a given prime number p, we let the class QQ_p be an instance of
PadicFieldFamily and a subclass of PadicNumber. See the class diagrams in Figure [1] and

Figure

Type

‘T

RingFamily

/

InexactFieldFamily PadicFieldFamily

Fig. 1. Class diagram for number types

Number

InexactNumber PadicNumber

/4 D\CC QQz/4 b\QQs

RR QQ:

Fig. 2. Class diagram for number objects

Instances of QQ_p are hash tables containing pointers to the corresponding padic_t and
padic_ctx_t objects. The latter are memoized to avoid duplication. Then methods are in-

4 There also exists objects representing the fields R and C that depend on the floating-point precision
used, e.g., RR_53 and CC_53 for double precision. We have not yet implemented analogous objects for

Qp.
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stalled on PadicNumber wrapping each of the foreign functions from FLINT, e.g., PadicNumber
+ PadicNumber calls padic_add.

The constructor methods for these classes either take a single Macaulay2 number, returning
a p-adic number with the default precision of 20, or optionally an integer first argument to
indicate the precision. See Listing [2}

il : needsPackage "Padic";

i2 : QQ_5(-1)

02 = 4 + 4%571 + 44572 + 4x573 + 4x574 + 4*575 + 4%576 + 4%577 + 4%578
+ 4*579 + 4*5710 + 4%5711 + 4x5712 + 4*5713 + 4%5714 + 4x5715 +
4%5716 + 4*5717 + 4%5718 + 4*5719

02 : QQ (of precision 20)
5

i3 : QQ_5(40, -1)

03 = 4 + 4%571 + 4%572 + 4%5°3 + 4%574 + 4x575 + 4*%576 + 4*577 + 4%578
+ 4x579 + 4x5710 + 4%5711 + 4%5712 + 4x5713 + 4%5714 + 45715 +

4x5716 + 4*%5717 + 4%5718 + 4*%5719 + 4%5720 + 4%5721 + 4%5722 +
4*5723 + 4*5724 + 4*%5725 + 4*5726 + 4*5727 + 4*5728 + 4%5729 +
4x5°30 + 4*%5°31 + 4%57°32 + 4*%57°33 + 4%57°34 + 4*5°35 + 4%5°36 +
4x5737 + 4*%5738 + 4%5739

03 : QQ (of precision 40)
5

Listing 2: Constructing —1 € Q5 with different precisions

6 Example: Hensel’s lemma

We close with an example, showing how to use our Macaulay2 package to find roots of polyno-
mials over Z,. We first recall Hensel’s lemma, a fundamental result in p-adic analysis.

Lemma 1 (Hensel [4]). Suppose f € Z,[x]. If there exists a1 € Z, for which f(aq) = 0
(mod p) and f'(aq) # 0 (mod p), then there exists a € Z, satisfying oqn = a (mod p) and
f(a) =0.

Furthermore, @ may be constructed by defining the recursive sequence given by Newton’s
method,
flam)

= )
n

Then f(an) =0 (mod p™) for all n and o = le oy, where the limit is taken with respect to

|'|p'

As with the Teichmiiller lift, any choice of a7 in the same congruence class modulo p will
work, and in particular, it is natural to choose o € {0,...,p— 1} so that a = oy -p® +--- (see
Equation ().

We would like to use Macaulay2 to compute the cube root of 2 in Zs by finding a root of
23 — 2 € Zs[z]. Since 32 —2 = 25 = 0 (mod 5) and 3 - 3% = 27 # 0 (mod 5), we begin with
a; = 3. We then iterate Newton’s method until it converges (up to the 5! term, as FLINT’s
default precision for p-adics is N = 20). See Listing
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il : needsPackage "Padic";
i2 : mewton = x -> x - (x73 - 2)/(3*x72);
i3 : alpha = QQ_5 3
03 =3
03 : QQ (of precision 20)
5
i4 : while alpha != (alpha = newton alpha) do null
i5 : alpha
o6 = 3 + 2x572 + 2%573 + 3*%574 + 1x5°5 + 4x576 + 2%578 + 3*%5°9 +
4x5~12 + 4%5714 + 4%5°15 + 3%5716 + 1%5°17 + 1%5718 + 2x5719
o5 : QQ (of precision 20)
5
i6 : alpha”3 -- check
o6 = 2
06 : QQ (of precision 20)

5

Listing 3: Computing the cube root of 2 in Z5 using Macaulay2
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