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Abstract. The Circular Restricted Three-Body Problem (CR3BP) models the motion of
a massless body under the gravitational influence of two primaries. We present a method
for approximating a given family of periodic orbits by low-degree implicit algebraic curves,
producing one-parameter families of algebraic orbit models.

These models enable the construction of minimal problems motivated by liaison naviga-
tion, where spacecraft states are inferred from inter-spacecraft measurements. Relevant
applications include initial orbit determination and spacecraft positioning.

Each minimal problem defines a parameterized family of instances; for generic parame-
ters, the number of solutions equals the degree of the associated branched covering map.
We compute these degrees using both symbolic and numerical methods, and we outline
a homotopy-continuation-based solver construction that can be practical for low-degree
cases.

Keywords: Circular Restricted Three-Body Problem - periodic orbits - minimal prob-
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1 Introduction

The Circular Restricted Three-Body Problem (CR3BP) seeks to determine the motion of a
massless body subject to the gravitational attraction of two massive primaries (e.g., Earth and
Moon) [9]. The general three-body problem admits no closed-form solution [8]; however, in the
restricted setting, one finds rich families of periodic orbits, including the planar Lyapunov orbits
and the three-dimensional Halo orbits around the collinear Lagrange points.

In this article, for a known family of periodic orbits, we approximate data points on a given
orbit with an algebraic curve of low degree. We then fit the data from multiple orbits in the
family, obtaining a model that depends on one parameter linked to the orbit’s energy. The main
contribution of this work is to use the above models to formulate minimal problems for liaison
navigation that use crosslink range, range rate, and line-of-sight measurements. For each minimal
problem, using standard computational methods, we attempt to determine the algebraic degree,
which is equal to the number of complex solutions in the generic case.

The problems with small algebraic degrees admit efficient solvers using parameter homotopy
continuation, which could quickly obtain approximate solutions that can be used as initial
guesses for dynamics-aware methods such as the liaison navigation approach in [4].

2 Preliminaries

2.1 Rotating Frame and CR3BP

We work in the rotating (synodic) frame in which the two primaries of masses 1 — p and p
are fixed at (—p,0,0) and (1 — ,0,0) on the z-axis, and the frame rotates around the z-axis
at unit angular velocity. Figure [I] depicts the two reference frames in the planar case, where the
synodic frame (x,y) rotates at an angle ¢ relative to the inertial frame (X,Y).
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Fig. 1. Inertial (X,Y) and rotating frame (z,y) in the planar case. The origin is the barycenter of the
two primaries m; and msg, with masses 1 — p and p respectively.

The state (z,v, z, &, 9, £) of the massless body is governed by the equations of motion:
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where r? = (x + p)? + y? + 2% and 72 = (2 — (1 — p))? +y? + 2%

We imagine the rotating frame sharing the center of mass of the two primaries with the
inertial frame where angle ¢ in Figure [1{ changes linearly with time, so the dynamics involves
Coriolis and centrifugal forces.

2.2 Jacobi Constant and Periodic Orbits

The system is Hamiltonian; the conserved quantity is the Jacobi constant C = —2H,.,
expressed explicitly as

C=(a®+¢°) + 72(1” O i—’; — (@497 + %) =202 - (@ + 9> + %), (2)
where the effective potential is 2 = %(xz + %) + 1;—1” + % Each family of periodic orbits that
we consider is parameterized by C.

Lyapunov orbits are planar periodic solutions around the Lagrange points Li or Lo. Halo
orbits are three-dimensional periodic solutions with an out-of-plane component; they also exist
around L; and L. Both families are continuous in C. In our numerical experiments, we use
orbit data from the JPL Three-Body Periodic Orbit Catalog [7] for the Earth—-Moon system
(1~ 0.01215).

3 Fitting Algebraic Curves

Since the system is non-integrable [§], periodic orbits generally cannot be represented by
a simple closed-form expression derived from first integrals. For navigation problems that we
address, however, a good approximation model proves to be useful. We approximate families of
periodic orbits by families of low-degree algebraic curves.

3.1 Polynomial Model for Lyapunov and Halo orbits

Each Lyapunov orbit is symmetric about the z-axis; only even powers of y appear in an
implicit polynomial equation that we use as our quartic model:

g(l'v y) =z + 042552 + 0131'3 + OZ4.’E4 + a5y2 + 0461'2/2 + Ol7il'2y2 + Oégy4 = 17 (3)
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with 8 free coefficients a = (a1, ..., ag).

For Halo orbits, change the coordinate frame to the basis u = (—

w = (%, 0, %) and fit two equations in the (u, v, w)-coordinates:

707 )7 vV = (07170)7

o
o

g(u,v) = oqu+ azu® + -+ agvt =1, h(u,v) = 1+ Bou+ -+ Bov* =w,  (4)
effectively reducing the model to a planar curve. The first equation describes the projected curve
in the uv-plane, and the second gives the third coordinate w as a polynomial in (u,v).

3.2 Fitting One Orbit
Given data points {(z;, )}, on a single orbit (fized C), the coefficients a are determined
by the least-squares normal equations
(ATA)a= A1,

where A;; = ¢j(2;,y;) and ¢; are the monomials of g.

Figure |2 displays one true Lyapunov orbit in the Earth-Moon system in blue, together with
an approximation using the quartic model in red. The region near the Moon is magnified,
highlighting the larger discrepancy near the Moon. Note that the singularity in the system
forces Lyapunov orbits that pass close to the Moon to have larger curvature.

Moon

Fig. 2. Comparison of a Lyapunov orbit around L; (blue) and its algebraic curve approximation (red)
in the Earth—-Moon CR3BP. The zoomed-in box highlights the region near the Moon.

The root mean square error has a unique minimum at the least-squares solution. However,
a more geometrically meaningful metric is the mean Euclidean distance from the data points to
the fitted curve, which takes more computational effort to approximate, let alone optimize.

We note that optimizing the (approximate) mean geometric distance is a nonlinear problem,
which can be solved by a local method (e.g., gradient descent) using the initial approximation
from least-squares.

3.3 Fitting a Family of Orbits

The simplest tool to use for fitting a model g(z,y,C) € R[C][z,y] for Lyapunov or g,h €
R[C][u, v] for Halo is, again, the least-squares method.

Two-stage procedure. For each orbit in a training set {C}}, solve the least-squares prob-
lem to obtain coefficients a(C). Then fit each component a;(C') independently as a low-degree
polynomial in C' (we use cubics in experiments). For practical purposes, we partition [Ciin, Crax)
into subintervals that contain data for about the same number of orbits in the JPL catalog.
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One-stage procedure. Treat all orbit data simultaneously with a single least-squares solve:
for instance, in the case of Lyapunov orbits, expand g(z,y,C) into monomials {¢;(z,y,C)}
jointly in all three variables, assemble the design matrix A;; = ¢;(x;,y:, C;), and solve (AT Ao =
AT1 for the coefficient vector o.

In our numerical experiments with the Lyapunov family, the one-stage procedure does not
provide significant improvement over the two-stage procedure for the quartic model. However,
the performance of the two-stage procedure for the sextic model is significantly poorer than that
of the one-stage procedure.

4 Minimal Problems for Navigation

A minimal problem is a square system of parametric polynomial equations (same number of
equations and unknowns) that has finitely many complex solutions for generic values of the
parameters. The degree of a minimal problem is the number of complex solutions in the generic
case, which equals the degree of the corresponding branched covering map (from the so-called
solution variety to the parameter space).

4.1 Descriptive notation and minimal problem examples

In liaison navigation [4], spacecraft exchange crosslink range (distance) measurements dap
and possibly range-rate dap between point A and B; a mothership observer (e.g., Moon-based
or Earth-based) may also supply line-of-sight (LOS) directions. We denote a mothership, a body
with a known state, by M and a spacecraft, a body with an unknown state, by S; edges in the
measurement graph indicate known measurements, with edge type encoding the measurement
type (see Table [1)).

To give an example, we describe in some detail the formulation of two minimal problems
involving one mothership and two spacecraft (M2S).

M2S (same orbit). Consider a single mothership M at a known posi-

tion (zar,ynr), and two spacecraft A and B on the same Lyapunov orbit with

an unknown Jacobi constant C. The available measurements are the mother- - S/ \ S

ship—spacecraft distances daas, dpyr, and the inter-spacecraft distance dapg. o '
The unknowns are (C,24,ya,zp,yp) — five in total. The five equations are:

(orbit model): 9(ra,ya,C) =1, (5)
9(zp,yB,C) =1, (6)

(M-crosslink): (x4 — zar)? + (ya — yar)? = d4ur, (7)
(xp — HCM)2 + (yB — yM)2 = dQBMv (8)

(crosslink): (x4 —2p)* + (ya —yp)* = d4p. (9)

This system defines a minimal problem. The degree is 84 for the quartic model and 132 for
the sextic analog.

Remark 1. The degrees are computed using algorithms based on the Grébner basis engine of
Macaulay?2 [3] applied to generic problem instances. Following a common practice, we perform
a modular computation: over a finite field IF, the correct degree is obtained provided p is a
lucky prime for the ideal (see [I]). Our code is available at https://github.com/Rick3yHuang/
Navigation-Problems-in-CR3BP.

Computed degrees for this and other minimal problems in the article are collected in Table

MZ2S (range and range rate). Consider a mothership M at a known po-

sition and state, and two spacecraft A and B on distinct Lyapunov orbits with /M \
unknown Jacobi constants C4 and Cg. Each edge in the measurement graph car- g / \ g
ries both the range (distance) and range rate (the first derivative of distance).


https://github.com/Rick3yHuang/Navigation-Problems-in-CR3BP
https://github.com/Rick3yHuang/Navigation-Problems-in-CR3BP
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The unknowns are the positions and velocities of both spacecraft, together with their Ja-
cobi constants: (Ca,za,y4,%4,94,CB,2B,YB,<85,Ys). The ten equations comprise three range
constraints, three range-rate constraints, two orbit-model constraints (one per spacecraft), and
two jacobi constant relations tying each spacecraft’s velocity to its C' via . The symbolic
computation exceeded the time limit (TLX) for both the quartic and sextic models.

4.2 Minimal Problems for Halo Orbits

Halo orbits are three-dimensional, allowing for more independent distance measurements due
to less rigidity. Some Lyapunov minimal problems become non-minimal for Halo orbits, and vice
versa, allowing new Halo minimal problems. The degrees of the problems considered above that
remain Halo-minimal appear in Table [I]

6S (an independent set of ranges). The six-spacecraft problem is g

new: each spacecraft lies on a Halo orbit with an unknown Jacobi constant, / \
contributing two orbit-model equations. With a suitable crosslink measure-

ments graph on the six nodesE| the system becomes square and defines a

minimal problem. By contrast, with only the range measurement, for Lya- \
punov orbits, no number of spacecraft at a single time instance suffices to form S g
a minimal problem without a mothership, since each spacecraft contributes S

only one orbit-model constraint and the system is always underdetermined.

4.3 Two spacecraft scenario and line-of-sight measurements

We note that, in theory, the problem with sufficiently many crosslink measurements identifies
a generic trajectory in CR3BP, as exploited in [4]. In our setting, one can formulate a minimal
problem involving sufficiently many higher derivatives of the range function (which could be
numerically approximated from range and range rate measurements). E.g., for Lyapunov mod-
els, we need range and its five derivatives: indeed, for 10 unknowns—C', z, y, &, y for each
spacecraft—we then have 10 constraints (2 orbit constraints + 2 Jacobi constant constraints +
6 range-function constraints for orders from 0 to 5). However, such a problem has a very high
algebraic degree, thus limiting its practical utility.

Another type of measurement we may introduce is the line-of-sight (LOS) direction from
one body to another; this is practically achieved through angular measurements with the distant
(known) stars. LOS measurements and their applications have been studied, for instance, in [6]
in the angles-only setting for the two-body problem.

LOS measurements are used either to derive additional constraints or to reduce the number
of unknowns: if the direction vector from one body to another is known, the position of the
second body is determined by the range.

2S (known range and LOS). Consider two spacecraft A and B on Lya- 3 C
punov orbits with known Jacobi constants C'4 and Cg. The available measure- =
ments are the inter-spacecraft range d4p and the line-of-sight direction 6 4p from A to B. Since
both measurements are known, B’s position is determined by A’s:

TR Ta cosbap
= +d . .
(yB) <yA) A8 (Sm 9AB>
The only unknowns are (z4,y4), and the two orbit-model constraints

g(an ya, CA) = 17
g(xBa YB, CB) =1

form a minimal problem. The degree of this problem is 16 for the quartic model and 36 for the
sextic model.

! Due to rigidity in 3D space, the distances corresponding to the edges absent in the graph of the
problem are algebraically dependent on the set of distances corresponding to the edges that are
present.
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Note that while many of the minimal problems we formulated for Lyapunov work for Halo
models as well, this doesn’t hold here. Since we have a 3D direction vector, it introduces a con-
straint on z-coordinates, which are already determined by the second equation in 7 making the
system overdetermined.
Relaxing the assumption on Jacobi constants—one known and one unknown— C _________ g
we form a Halo minimal problem of degree 96 for the quartic and 216 for the
sextic model.

3S (known range and LOS from one spacecraft). Assume spacecraft A,
B, and D lie on two Lyapunov orbits. A lies on an orbit with a known Jacobi /@D\
constant Cy4, while B and D lie on the same orbit with an unknown Jacobi .'Si.. S
constant C'gp. The available measurements are the inter-spacecraft ranges dap '
and d 4 p, together with the line-of-sight directions 845 and 8 4p. As in the previous example, the
positions of B and D can then be recovered from the position of A. The unknowns are (z4,y4)
and Cgp, and the constraints are the three orbit-model constraints. This minimal problem has
a degree of 84 for the quartic model and 198 for the sextic model.
As in the previous example, the Lyapunov-minimal problem must be relaxed

to become Halo-minimal: assuming all three Jacobi constants are unknown, the /S\
degree is 3024 for the quartic model. S’. R S

M2S (LOS, two-time instances). Consider a mothership M at a known

position and two spacecraft A and B on distinct Lyapunov orbits with unknown Jacobi constants
C4 and Cpg. At each of the two-time instances ¢ = 1,2, the mothership measures the line-of-
sight directions to both spacecraft and the inter-spacecraft crosslink distance d’y 5. Since the LOS
directions from M are known, each spacecraft position at time ¢ is determined by its distance
from M, leaving six unknowns: (Ca, Cg, di; 4, d3;4, dirg, d3rg)- The six equations consist of
four orbit-model constraints (one per spacecraft per time instance) and two crosslink constraints
(one per time instance).

5 Discussion and Future Work

Other families of orbits. Our fitting method extends beyond Lya- 2
punov and Halo orbits to any periodic or quasi-periodic CR3BP family and, M

more broadly, to other dynamical models. Being agnostic to the underlying S:' ‘..S

dynamics, it suits scenarios where a timeless and angles-only description is
preferred.
Homotopy continuation solvers. For low-degree problems (e.g., degrees 6, 84, 132), ef-

ficient solvers can be built in the spirit of numerical nonlinear algebra [2]: pre-compute a start
system for a generic instance, then track solution paths via parameter homotopy to new in-
stances.

Subdivision and low-degree approximation. The degree growth observed for harder
problems suggests using piecewise approximations (e.g., trigonometric polynomials in polar co-
ordinates, or splines) to keep algebraic complexity manageable.

Regularization of the state space. As mentioned in Section the singularity of the
gravitational potential near the Moon is a cause of larger curvature of the orbits approaching
the Moon. Applying regularization methods like Levi-Civita regularization [5] to transform the
orbit data before fitting could improve the quality of the approximation near the Moon.

Initialization for dynamics-aware formulations. The algebraic orbit model is an ap-
proximation; a full navigation solution must account for the true dynamics . Minimal-problem
solutions provide high-quality initial guesses for statistical orbit determination, either in batch
orbit determination estimators or in sequential filtering, such as the Kalman-type filter [10], as
additional measurements become available.
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Table 1. Degrees of the minimal problems. Local dimension test (Jacobian has full rank at a generic
point) is passed by every problem with TLX confirming that these are minimal.
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