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Abstract. In the FrameIT framework for serious games, we have previously experi-
mented with ideas for co-maintaining virtual worlds (such as those maintained by game
engines like Unity) with logical worlds (such as those maintained by knowledge represen-
tation and reasoning systems). By treating the virtual world as a physical model of the
logical world, it achieves a coupling that tracks the player’s knowledge about the world.
And the player can interactively extend this knowledge with measurements taken in the
virtual world and with deductions about them in the logical world.
In this paper we present a major reconceptualization, NuFrameIT. It uses a new rep-
resentation language for the logical worlds that combines both axiomatic and efficiently
executable knowledge descriptions, and allows for a more dynamic and fine-grained main-
tenance of the logical world. Moreover, it integrates HTML-based techniques for displaying
mathematical formulas interactively into the game engine.
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1 Introduction

The FrameIT framework for serious games [KohBoeMar:frameit20] explores how to use math-
ematical knowledge management (MKM) techniques for developing serious—i.e. educational—
math games. Such games combine four aspects:
A1 a virtual world which is explored in the game
A2 the player/learner’s knowledge about the virtual world
A3 the mathematical background of the topic to be conveyed by the game
A4 the didactic ability to convey the topic effectively.
(A1) is usually (and usefully) implemented in a game engine like Unity [unity-engine:on] or
Unreal [unreal-engine:on]. Those employ complete concrete representations including, e.g.,
positions, velocities, and bounding boxes. These are well-suited for simulating an immersive
learning environment for the user.

Most serious games implement the remaining three aspects via custom code in the program-
ming language underlying the game engine. This has the drawback that the abstract mathemat-
ical knowledge (e.g., an analytic treatment of trajectories), player knowledge, and the way both
can interact are only maintained ad hoc and implicitly in a system designed for fast numeric
computation.

Therefore, the FrameIT system separates concerns by using a game engine as frontend
for the maintenance and display of (A1), and a logic-based knowledge management system as
backend to explicitly formalize (A2) and (A3) as a set of logical theories. The latter focuses on a
knowledge-oriented high-level perspective that is well-suited for logical problem-solving. (Good
treatment of (A4) is still an open question, but techniques from [BerBetChu:lssmkm23;
ALeA:online] should apply.)

The concrete implementation UFrameIT [uframeit:on] used the Unity engine and the MMT
system [rabe:mmtabs:13; RK:mmt:10], which provides knowledge management services in-
cluding elaboration of theories, type checking, and simplification. The theory graph paradigm
underlying MMT has been an excellent fit for the FrameIT framework: the player knowledge
(A2) can be represented as a dynamic theory that grows as the player’s knowledge about the
worlds expands, called the situation theory. It can be seen as an abstraction of the virtual

https://orcid.org/0000-0002-9859-6337
https://orcid.org/0000-0003-3040-3655


2 Stefanie Heim, Michael Kohlhase , Silas Kuder, and Florian Rabe

world, or a mathematical model of those parts of the world that are relevant for the current
learning goal. The background knowledge (A3) is represented as a modular knowledge graph in
MMT.

To the usual ways for interacting with a virtual world, FrameIT adds two game mechanics
to allow for mathematical exploration by the player: Gadgets allow actions like defining points,
specifying lines, and measuring distances in the virtual world. These generate new facts, player
knowledge that is represented by visuals in game, and by an extension of the situation theory
in the backend. Scrolls1 allow the use of small theories in the background knowledge that
represent the abstract mathematical theorems that the game is meant to teach. To apply a
scroll, the player instantiates the free variables of the scroll with objects in the situation theory.
Then the situation theory is extended by taking the pushout of the scroll along this instantiation
in the category of MMT theories and morphisms [KohBoeMar:frameit20].

We have been able to build several prototypical serious games based on this framework,
validating the overall approach. But these prototypes also unveiled serious limitations in the
initial design:
L1 The text display facilities in game engines are ill-suited for the mix of prose and formulas,

ubiquitous in the communication of mathematical ideas.
L2 MMT’s bias towards formal logic allowed computation only via symbolic rewriting and

pushout. This was particularly problematic when representing knowledge that is mathemat-
ically determined but not known to the player.

(L1) fundamentally limited the complexity of topics that were worth attempting, and (L2) led
to the use of workarounds that made the resulting system too complex to scale up the game
development.

Contribution We present a major redesign of the system, which we call NuFrameIT. Firstly,
we have replaced the MMT backend with the new UniFormal language [Rabe:grlc25] that
was partly inspired by the complexity of the FrameIT design. UniFormal combines both logi-
cal/mathematical knowledge representation features using theories with object-oriented math-
ematical computation features akin to the Axiom computer algebra system [axiom]. Con-
trary to MMT, UniFormal’s implementation is systematically lean and can be compiled into
a small, easily packagable binary or JavaScript file. Secondly, we employ the WebView plu-
gin [Esswein:bsc24] for the dynamic and interactive display of mathematical content and inte-
grate it with Unity in a way that allows seamlessly displaying text, diagrams, and formulas inside
the game engine. This enabled us to replace the makeshift web service-based connection between
Unity and MMT with a tightly coupled integration of Unity, UniFormal, and WebView. By call-
ing directly into UniFormal’s data structures and operational semantics, the representation of
the situation theory becomes much simpler and scroll application much smoother.

In the sequel, we explain the key innovations both from the frontend and the backend per-
spective.

2 Frontend Perspective

h

d

da

ha

h =
d

da
· ha

Fig. 1. Tree Height via Intercept Theorem

We use the well-known word problem of determining
the height of a tree via the intercept theorem as a
running—didactically motivated—example. Figure 1
shows a diagram of the idea: a person can determine
the height h of a given (vertical) tree by sighting the
top and bottom of the tree over a (vertical) stick of
known length ha. If we know the distance d between
person and tree and the arm length da, we can com-
pute the height as h = d

da
· ha.

1 The name is intended to invoke the image of a piece of magical parchment.
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Fig. 2. A Tree Height Problem being solved in FrameWorld

Figure 2 shows the corresponding construction in
the virtual world halfway towards a solution. The right
side shows the Unity rendering of the virtual world.
The toolbar at the bottom contains the gadgets that can be used for, e.g. defining points and
measuring distances. The player has previously employed these to mark the points B through
F , and to measure the distances [DF ], [DC] and [EF ].

The scroll bar on the right of Figure 2 has a selection of the available scrolls. The player has
selected the intercept scroll because she deems it useful for solving the tree height problem. A
scroll consists of two different representations of the same knowledge, and a formal description
of how they are connected. The representation of a scroll in the backend is a UniFormal theory,
see Section 3. The representation of a scroll in the frontend is a small narrative document that
corresponds to explanations in a mathematics textbook and may also include other media like
the diagram on the bottom left. The left side of Figure 2 shows such a document. It describes
how to apply the intercept theorem in a concrete situation. Note that it is not a static image
but an HTML webpage, using MathML for the formulas, SVG for the triangle, and JavaScript
for interactivity. The interactivity is used to support the player in applying the theorem in the
virtual world problem. In our example, this requires first specifying the relevant points, and
measuring the distances d, da, and ha.

These are represented as variables of the scroll that must be instantiated. Our implementation
allows doing this via drag’n’drop: Figure 2 shows the player in the process of dragging the line
segment [(E)(F )] (represented by the square icon below the cursor on the left) from the virtual
world onto the variable ha in the scroll. Once all variables are instantiated, the scroll can be
applied.

Fig. 3. The scroll after dropping [(E)(F )]

Figure 3 shows the resulting display of the scroll after
thusly instantiating ha with the measured length of
the line segment [(E)(F )]: every occurrence of ha has
been substituted.

This interactive display of formulas was very dif-
ficult to achieve, but critical to overcome (L1). Pre-
viously, Unity could only approximate the display of
more visually complex mathematical formulas, requir-
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ing ASCII art even for fractions. We now use the
WebView plugin [Esswein:bsc24] for the display of
HTML5 (including MathML) in Unity worlds. Web-
View is essentially a headless Chrome browser that
streams images into Unity, and events (like dropping
a fact) back out via the Chrome Developer tools Pro-
tocol. This solves the math front-end problems for
NuFrameIT in a way that decouples the presentation
of the scroll (which is a didactic document that is part

(A4)) from that of virtual world (A1) in the game engine. This has the added benefit that the
HTML descriptions and JS interaction scripts could be reused in other game engines that allow
for similar webpage display.

3 Backend Perspective

The listing below shows the formalization of the document for the intercept scroll from Figure 2.
It declares five points and the lengths of four sides of the resulting triangles. The type point
is part of the background knowledge. Even though the coordinate triple of a point is fixed
and known in the virtual world of Unity, the logical representation can choose flexibly how to
represent points: e.g., it can use coordinate triples or a pair of location and height, or leave
the type entirely abstract. This corresponds to distinctions between, e.g., synthetic and analytic
geometry. Indeed, most applications only ever require measuring relative distances, and currently
we do not even provide a gadget to measure absolute coordinates. For our example, we leave
abstract the type point and the function dist for the distance between two points, because
this best represent the players actual knowledge about the game world.

Then individual relative distances effectively become pairs of a variable (whose numeric value
may or may not be known in the logical world) and an axiom capturing its definition as the
distance between two points. This decouples the representation of the floating point value of,
e.g., d, which is needed to perform computations, from its geometric meaning. NuFrameIT uses
the naming convention of appending _prop for the defining axioms, such that the line segment d
that is visible in the user interface can be connected to its geometry axiom d_prop that captures
that d is the length of the line segment DC.

theory InterceptTheoremScroll
// variables
B, C, D, E, F : point
similarity: ⊢ similar(Triangle(D,C,B),Triangle(D,F,E))
d, h, da, ha: float
d_prop: ⊢ dist(D,C) == d
h_prop: ⊢ dist(B,C) == h
da_prop: ⊢ dist(D,F) == da
ha_prop: ⊢ dist(E,F) == ha
// payload
intercept: ⊢ h/d == ha/da

To instantiate the scroll, all points and three of the four lengths must be instantiated with
concrete values, and the proof obligations induced by the corresponding geometry axioms (as
well similarity) must be discharged by instantiating them with an appropriate proof term.
These are usually named properties that were generated when using a gadget or applying a
previous scroll. For example, the action in Figure 2 is performed in a situation theory that
already contains the axiom EF_prop: ⊢ dist(E,F) == 2.07 that was added when the player
used the tape measure gadget on E and F . That axiom exposes to the logical world the distance
between the two points that was calculated in the virtual world.

The action in Figure 2 of dragging that fact icon onto ha extends the situation theory
with the instantiation ha_prop = EF_prop. Additionally, unification of their types induces the
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instantiation ha = 2.07. Importantly, it is not possible for the player to instantiate ha with an
arbitrary number or measurement: The interactive instantiation-building only succeeds if the
types unify, and that requires that the performed measurement corresponds to the geometry
axioms in the scroll.

In a scroll, there is no strict distinction between variables that must be instantiated by the
player and fields, whose values are computed by the scroll. The pushout for scroll application is
defined for any set of instantiated variables:2 it can be constructed simply by adding the given
instantiations to the situation theory, and then merging in the scroll theory. For didactic reasons,
it is practical to attach meta-information about the intended instantiations, like Figure 3 stating
which three of the four lengths should be instantiated with concrete values to compute a large
vertical distance.

The pushout is only unique up to isomorphism, and it is not easy to choose the most practical
representative. The theory resulting from a general pushout construction is usually needlessly
complex. While it straightforward to rewrite it into a simper isomorphic one, care must be taken
not to employ simplifications that go beyond the player’s knowledge or renamings that go against
the player’s expectations. For this purpose, UniFormal provides a special theory simplifier that
performs two kinds of operations.
1. The pushout contains the instantiations for the scroll variables, whose right-hand side is

usually just a number or an identifier. These are substituted by their definiens everywhere
and then dropped from the situation theory entirely.

2. The concrete values of some declarations can be derived using the payload theorem, such as
h in our case. The simplifier solves for these values, adds them as definitions, and renames
them according to the usual naming scheme for new facts. Then it removes the axioms that
have become redundant.
In our running example, the scroll application adds uninstantiated declarations for h and

intercept. Step (1) expands all declarations for variable instantiations by expanding them
into their definitions everywhere, such as ha and ha_prop. Then it removes these declarations,
which are no longer referenced anywhere. Step (2) solves intercept for h and then adds the
resulting value as the definiens of h, which is consequently renamed to BC (and h_prop is renamed
accordingly). At this point, the axiom intercept is redundant because all four lengths have
numeric definitions and the formula is simply true. It is thus removed. At the end of theory
simplification, all names declared in the scroll have disappeared from the situation theory, and
the definiens of the variable formerly known as h has been added. Not only does this keep the
situation theory simple, it also prevents name clashes when performing repeated applications of
the same scroll with different instantiations.

4 Outlook

As a more complicated use case, consider moving a small object to a recipient waiting on the over
side of an untraversable river. Using a ramp near the river, the player can launch it with a fixed
inclination. In the virtual world, this requires a physics engine to approximate the trajectory
of the launched object. But given the launch angle and the velocity, calculating the trajectory
and the arrival time and point is straightforward in the logical world. The respective scroll looks
as follows (using background knowledge declaration grav for the constant acceleration due to
gravity, and an already simplified quadratic formula for t_prop):

theory SlingshotScroll
launch , catch : point
// launch velocity , and its vertical/horizontal part
l, v, h: float
lvh_prop: ⊢ v^2 + h^2 == l^2
// launch angle

2 If the instantiations don’t allow for a unique solution (or any at all), the pushout is still defined. But
rarely useful for our purposes.
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Fig. 4. Initial situation of the river problem

inclination: float
inclination_prop: ⊢ v/h == inclination
// catch position and time
d, t: float
d_prop: ⊢ dist(launch ,catch) == d
// simplified parabolic vertical movement
t_prop: ⊢ t == 2v/grav
// linear horizontal movement
td_prop: ⊢ h*t == d

A narratively more interesting variant of this level is to not compute the point to catch the
object from the launch data, but instead to compute the necessary launch data from the distance
to the recipient. A problem that is also much harder to solve with iterative simulation approach
of a physics engine. The distance could be obtained by applying skills learned in levels similar
to the height measurement example above. Importantly, both variants can use the same scroll,
just with different instantiations.

5 Conclusion

We have reported on a major re-conceptualization of the FrameIT approach to serious games,
fixing the weak points that have been discovered by previous prototypes: We have completely
replaced the backend with one based on the new UniFormal language, which is a much better
fit for FrameIT. In the front-end we have added a plugin to the game engine that provides
responsive rendering of state of the art mathematical notation, and we have build interaction
components that allow the player to interactively build the coupling between logical and virtual
world.

The new components work well together and provide a much more natural and principled
serious game development framework than the original ad-hoc prototype version of FrameIT.
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