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Abstract. It is known, by works of Werner and Carneiro, that the type theory of Lean
(and indeed of CIC plus a version of choice) is equiconsistent with ZFC., that is,
ZFC + “there are infinitely many strongly inaccessible cardinals”. We prove a finer con-
nection between these two formal systems; namely, given any formula ¢ in the language
of second order arithmetic, ¢ is provable in ZFC if and only if the same formula, when
viewed as a type in Lean, is inhabited.
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Introduction

Our work can be illustrated by a thought experiment. We will be dealing with the Lean 4 proof
assistant (see [8] for context) but the basic concern and methodology are more general. Now,
imagine a mathematician were presented with the construction, in Lean, of an inhabitant p of
the propositional type

Va : Nat, 3b : Nat, Vc : Nat, Vd : Nat,

((c+2)x(d+2)=a+b) A
“((c+2)*x(d+2)=a+b+2).

Further imagine that our mathematician subscribes to the axioms of ZFC and that they are
willing to accept the existence of infinitely many strongly inaccessible cardinals. Because of
Werner’s and Carneiro’s work [10, 2], they accept that Lean is free of contradiction. Should they
also be satisfied that the twin prime conjecture must be true? We claim yes.

Similarly to other popular proof assistants such as Rocq (formerly Coq), Lean is based on
the Calculus of Inductive Constructions (CIC), see, for instance, [3] and [4]. We call CIC™
the variant of CIC implemented by Lean 4. This calculus extends CIC by the addition of a
form of the axiom of choice, propositional extensionality, and proof irrelevance. It has been
established by Werner [10] that CIC enriched with axioms for choice, and hence CIC™, proves
the consistency of ZFC extended with the existence of infinitely many strongly inaccessible
cardinals, which we will denote ZFC,. Vice-versa, Carneiro constructs in [2] a set-theoretic
model of CIC" assuming ZFC.,. Thus CIC" and ZFC, are equiconsistent. However mere
equiconsistency between two formal theories is in no way assurance enough that they prove the
same theorems. For an example, ZFC and ZFC+ —Con(ZFC) are equiconsistent, but obviously
do not prove the same formulas — and indeed, proving a statement in the latter would hardly
be persuasive of that statement’s veracity. We propose, here, a more fine grained result: namely
that CIC™ and ZFC,, prove the same theorems in the language of second order arithmetic.

There is a further subtlety. Since the languages of CICT and ZFC.. differ, we should be
precise about the meaning of proving the same theorems. To carry out our comparison, it is
necessary to fix translations from second order arithmetic to set theory and types respectively.
We feel that this is one important point that we raise, namely that there are conventional or
natural translations: those that the users of the respective logical systems perceive as such. It is
important, in our view, to prove the equivalence of, say, CIC™ and ZFC., under the premise
that mathematical statement are encoded according to the conventional translations. Given a
sentence ¢ in the language of second order arithmetic, we define translations ¢z and ¢ of ¢
in the languages of ZFC. and CIC™ respectively. For ZFCq, the obvious choice is to map



the natural numbers to the finite von Neumann ordinals. For CIC™, using to the finite Von
Neumann ordinals constructed inside Werner’s model would be artificial; on the contrary, the
conventional choice is to map the natural numbers to an appropriate inductive type Nat, which
is the universally adopted convention in Lean.

Observe that the implementation of second order arithmetic in a given logical system can be
nuanced, so it is not a choice that can be sensibly made in an arbitrary manner. For instance,
inside Lean itself, it is not a given that the finite von Neumann ordinals in a model of ZFC can
be seen as a model of second order arithmetic. In fact, Lean can construct a model of ZFC +
—Con(ZFC). This is, a fortiori, a model of ZFC, yet its finite von Neumann ordinals satisfy
—Con(ZFC), as opposed to Nat.

With the notation established above, our main result is as follows:

Let ¢ be a sentence in the language of second order arithmetic. Then ZFCy F ¢z if

and only if CIC" proves that the type pc is inhabited (i.e. CICT - e : oo for some

expression e).

The proof shows the following chains of implications

ZFCn F Yz — CIC+ H (./\/lz]::*c71 ): QOZ) _— CIC+ - Yo
CICtFypc = ZFC.F (Ncict | ¢o) — ZFC. F ¢y

where Mzpc, is Werner’s model of ZFC with n inaccessibles in CIC, and Ngpc+ is Carneiro’s
set theoretic model of CIC™T. The implication CICt - (Mzpc, = ¢z) = CICT - ¢ has
been implemented in Lean 4.

Our proof entails the feasibility of automatic translations from Lean 4 proofs of second
order arithmetic statements to, for instance, Isabelle/ZF (and vice-versa). This is a nontrivial
endeavor, as it requires to formalize Carneiro’s work in Isabelle/ZF, thus obtaining a Lean 4
kernel which is formally verified in Isabelle/ZF. A similar work has been carried out by Krauss
and Schropp [6], providing an automatic translator from Isabelle/HOL to Isabelle/ZF. If at all
practical, the benefit of such a translator would be the ability to translate complex Lean 4 proofs
to independently verifiable set theoretic ones.

1 Definition of PA? and Translations

We will follow Carneiro’s formalization of Lean, see [2], as essentially the type theory of CIC
plus some additional axioms. To summarize, the grammar of CIC" is as follows:

¢=u]0]|S¢| max(¢,¢)|imax(¢, £) (universe level)
I'=()[Lz:e (context)
e=z|Upleeldr:e—e|Va:ee]|
px: B K | Cuer i | TeCpua:F K (expression)
K=0|(c:e)+ K
F=Uj|Vx:eF

Uy are the universes; in particular Uy is the sort of propositions. The usual definitions apply for
a — f and the inductive types a = b, a x 3, and Ja : A, P a. CIC" is endowed with (8),(n)
reduction rules, as well as rules for recursors, and proof irrelevance. To this, we add the axioms
of propositional extensionality and choice. We denote by CIC;" (for n natural) the fragment of
CIC that only uses universes up to U,.

Recall that the type Nat : U; has an inductive definition given by

Nat := pt : Uy, (Zero: t)+ (Succ: t —t)

and sum and product are defined via the recursor.
We define the language of second order arithmetic following [9]:



Definition 1. A second order arithmetic formula is a formula of two-sorted first-order logic
(where the sorts are denoted s1, called the numbers, and sa, called the subsets) in the language
Lpaz = {0,5,4, x,e} (where 0: 51, S: 8 — 81, +,%X : 81 X851 = 81 and € C 3 X $1). (the
intended meaning of €(P,t) is that t is an element of the set P, which we’ll sometimes also write
as P(t) for brevity.)

An arithmetic sentence is a second order arithmetic formula with no free variables. The set
of arithmetic formulas is denoted Fppz.

We will usually indicate with x1,xs,... the number variables and with Py, Ps, ... the subset
variables. We will use the symbols V,3 to quantify over numbers and ¥V2,3% to quantify over
subsets. Without loss of generality, we may restrict the logical connectives to the complete set {—
, L}

To illustrate the expressivity of second order arithmetic: the standard model, where the numbers
are in N and the subsets range over p(N), is bi-interpretable with the first order structure (R, +, -)
expanded by a predicate for Z C R. The sets that this structure can describe are precisely the
projective sets of descriptive set theory [5, exercise 37.6]. Most subsets of R™ used in everyday
mathematics, such as the graphs of continuous functions, are Borel sets, thus also projective
sets. One limitation of this logic is that, although it can construct specific real functions, it does
not allow quantification over the set of all functions R — R.

Now, for any formula ¢ € Fppz, we are going to define its set-theoretic interpretation
vz € Fzrc., as a formula in the language {€}; and similarly, the type-theoretic interpretation
of ¢ € Fpaz will be an expression ¢c of CICT. The type of ¢ will be the type € — Uy of
functions from an appropriate type of contexts to propositions. When ¢ is a sentence, ¢ will
turn out to be a constant function, which can therefore be identified with a propositional type
representing the sentence .

Definition 2 (PA? ~ ZFC.). Given an arithmetic formula ¢ € Fpa> we let @z be the
customary translation of @ through the set-theoretical interpretation of second order arithmetic
having sorts w (the set of finite Von Neumann ordinals) and p(w).

The formal definition of this translation is straightforward yet rather long: it can be obtained
by the implementation of AriFormula2_to_ZFC’ in the Lean code [1].

Definition 3 (PA? ~ CIC™"). The type € of contexts is (Nat — Nat) x (Nat — Set Nat).
Given an arithmetic formula ¢ € Fppz, we define the function po : € — Uy by structural
recursion on the formula p. The sorts are Nat and Set Nat. Terms are mapped sending the
symbols for 0, + and X to the corresponding operators defined pointwise on € — Nat, and the
variables to the projections (z;)c (C1,C2) = C1 i, (Pj)c (C1,C2) = Ca j. Syntactic elements are
mapped to the natural type theoretic constructions as follows:

- Lo (C1,C) =
- (p—d)c <Cl,Cg> (pc (C1,Ca)) — (6¢ (C1,C2));
Elxu@)C <Clvc2> = dn : Nat, ¢c¢ <Cl[n/i]vc2>;
©)o (C1,C2) =Vn : Nat, oc (C1[n/i],Ca);
)c <Cl,CQ> = HQ : Set Nat, ¢¢ <Cl,C2[Q/Z]>,
Jo (C1,C2) =VQ : Set Nat, ¢o (C1,Ca[Q/1]);

where Ci[n/i] is the function that agrees with Cy except when the argument is i, and gives n
when the argument is i, and similarly for C2[Q/1].

When ¢ is a sentence, it easy to see that ¢ is necessarily a constant function. By abuse of
notation we will denote value assumed by this function by the same symbol ¢ .

= (
- (Vai,
- (2P,
— (V?P,

Remark 1. Notably, when ¢ is a sentence, a syntactic representation of the propositional type
pc can be obtained by little more than just copying the formula. Indeed it is exactly because
the translation is so trivial that we dare say that Lean 4, or CIC™, is designed to encourage its
user to consider p¢ and ¢, intuitively, the same formula.



Our main result is the following:

Theorem 1. Let ¢ be an arithmetic sentence (i.e. a formula with no free variables). Then
ZFC., proves @z if and only if ¢ is inhabited in CICT .

In the next sections we will outline the proof of each direction of the equivalence.

2 Every Arithmetic Formula Provable in ZFC, Is Provable in CIC™

Theorem 1=-. Let ¢ be an arithmetic sentence, and assume that ZFC., proves ¢z. Then oo
is inhabited in CIC™ .

By [10], ZFC,, can be coded into CIC;, as follows:
SET,, := ut : Upy1, (sup : VA : Uy, (A= t) = t)

EXT, (sup A f)(sup B g) :=
(Va: A;3b: B,EXT, (f a)(g b)) A
(Vb: B,3a: A,EXT,, (f a) (g b))
IN, = (sup A f):=3a: AEXT, = (f a).

Fact 1 (Werner, 1997 [10]). Let 1 < n € N. For each closed formula v in the language
{€} of set theory, construct a propositional type W by interpreting the equality with EXT,,, the
inclusion with IN, and by letting the quantifiers range over SET,. Then, whenever v is an aziom
of ZFC,,_1, one can construct in CICZJr1 an inhabitant of Y.

Note that it is an immediate consequence of Fact 1 that ZFC, = ¢z implies that, for n large
enough, (pz)aq is inhabited, where M is the model of ZFC,, in CICZ_‘_2 given by Fact 1. As
such, to show Theorem 2 it is sufficient to exhibit an inhabitant of the type (pz)m — o

We indeed show slightly more:

Lemma 1. Let n > 1 be arbitrary, and SET := SET,,. There are functions num:Nat — SET — Uy
and sub:Set Nat — SET — Uy so that the following holds. For any arithmetic formula o, let x;
denote the free number variables of ¢ and P; the free subset variables of ¢ (for i,j ranging over
some finite subsets of the integers), and let (n; : Nat), (Q; : Set Nat), (y; : SET), (z; : SET) be
s.t.

(i) num n; y; is inhabited for each i
(i1) sub Q; z; is inhabited for each j.

Then the following propositional type is inhabited:

eclni/zi....Q;/P;...] & (z)mlyi/zi ..., 2/ Fj ... ].

We provide a Lean 4 formalization of this lemma and of Theorem 1= [1]; references to the Lean
code will be provided in footnotes.
The proof! is carried out by structural recursion on ¢; the general sketch is as follows:

(i) Construct num by structural recursion on its first argument, so that intuitively num n x is
true when “z is the n-th finite ordinal” is true in M; and similarly produce sub s.t. sub P x
is true when (z C w)aq and, for any n, “z contains the n-th finite ordinal” ¢ iff P n. Then,
one verifies that num, sub are the graphs of bijective maps which are well-behaved w.r.t.
the operations of arithmetic, hence that Nat is isomorphic to (z : SET) x (z € w)aq, and
that Set Nat is isomorphic to (z : SET) x (z C w) .2

! In the code, ZFC_iff Lean’.

2 In the code, those two relations are provided by is_number and is_real resp. The fact that those maps
are bijections that preserve the structure is provided by isoN and the theorems from plus_is_sum to
succ_is_succ.



(ii) Construct an inductive type Form of arithmetic formulas (with variables indexed with Nat),
and associate a @ : Form to each formula .3

(iii) Construct valuations vale : (Nat — Nat) — (Nat — Set Nat) — Form — Up that, given
an f : Nat — Nat valuation of the number variables, g : Nat — Set Nat valuation of the
subset variables and ¢ : Form, outputs a true proposition iff pc[(f4)/zi ..., (95)/F;...] s
true; and similarly valy : (f : Nat — SET) — (¢ : Nat — SET) — (¢ : Form) that outputs
a true proposition iff (¢z)m[(f i)/zi..., (g j)/Pj...] is true.*

(iv) Finally check that (vale f g @) «> (valz f' ¢’ @) is inhabited as long as num (f i) (f’ ©)
whenever x; € FV(p) and sub (g j) (¢’ j) whenever P; € FV (), by structural recursion
on .

In the end, we will have constructed an inhabitant C_iff_Z of the propositional type

V@ : Form, Vf : Nat — Nat, Vg : Nat — Set Nat,
Vf’':Nat — SET, Vg’ : Nat — SET,
(h: V¥n:Nat, “x, is free in ¢ — num (f n) (f' n)) —
(h': VYn :Nat, “P, is free in ¢” — sub (g n) (¢’ n)) —
((vale f g @)« (valz [ g 9))
Proof (Theorem 1= ). ® Let ¢ be an arithmetic sentence, and assume ZFC,, | ¢z. From

Fact 1, then (pz)aq is inhabited, let o : (pz)aq. Applying C_iff Z @ to arbitrary contexts we
obtain an inhabitant of o <> (pz)rm. We conclude, applying the < arrow of this to «. a

3 Every Arithmetic Formula Provable by Lean is Provable in ZFC,

Theorem 1<«. Let ¢ be an arithmetic formula with no free variables, and assume that pc is

inhabited in CICT. Then, ZFCy, proves .
To prove that, we will follow the following scheme:

(i) Following Carneiro [2], for each ¢ one can construct, assuming the existence of n strongly
inaccessible cardinals for some sufficiently large n (which may, of course, depend on ¢) a
set [] which ZFC,, proves to be nonempty precisely if ¢¢ is inhabited.

(ii) We then need to show that

ZFC, - ([¢] # 9) — ¢z.
From that, we can conclude that ZFC,, F ¢z whenever ¢ is inhabited.

Carneiro describes, in [2, section 5], a model of the fragment CIC‘fV of CIC™ that uses only the
W-type as a general inductive type, plus a handful of simple constructors. W-types are those
produced by the W constructor, as defined in the following definition:

Definition 4. (Martin-Lof 1982, [7]) Let I'+a : Uy and I, a : Ug = b : Uj; then
Wa:a,b = put: Upaxee,1), (sup: a— (b—=1t) = 1).

Then, [2] shows a reduction of the type theory of Lean onto this fragment. Technically, this
means that we need to work with the model of CIC;FV directly.

Let us begin with the definition of N obtained as the special case of the translation described
in [2, section 5.2] applied to the inductive type Nat.

N:U =Wz:TdT,recg (A.: T —» L) (A: T = T)a.

3 In the code, this inductive type is AriFormula2, which uses the inductive types AriTerm and AriTerm2
to represent terms of first and second sort resp.

4 In the code, those maps are AriFormula2_to_Lean’ and AriFormula2_to_ZFC’ resp.

5 In the code, this is provided by ZFC_iff_Lean.



OnecancomputetheCICfﬁVtermsO:N,S:N%N,Jr:N%N%N, Xx:N—=N-—->N
which correspond to the usual operators on Nat via the reduction to CIC{/"V. To any arithmetic
formula ¢ we associate pw : € — Uy in the in the same manner as ¢¢, except by quantifying
over N instead of Nat.

What we gain from those contortions is that now ¢y is a type of the fragment CIC&,; SO
we would like to use it in place of ¢o. We can do this as long as pc <> ¢y is inhabited; for
then ¢y would be inhabited iff ¢ is.

The following lemma is proved by a straightforward structural induction:

Lemma 2. There are bijections a : Nat — N and A : (Set Nat) — (Set N) s.t. the fol-
lowing holds. Whenever ¢ is an arithmetic formula with free number variables x; and free
subset variables P;, and n; : Nat..., Q; : Set Nat..., then pc[n;/x;...,Q;/P;...] <
ewllany)/z;...,(AQ;)/P;...] is inhabited.

In particular, if ¢ is an arithmetic sentence, then the propositional type oo <> pw is inhab-
ited.

Given a (strictly) increasing sequence of cardinals (v, )necw, we say that it is k-correct if ~; is
inaccessible for all 0 < < k.

Fact 2 (Carneiro [2], 2019). Let (£, )new be an increasing succession of strong limit cardinals,
and let Uy = {@,{®}}, Uny1 = Vi, Us = U, Un (where @ = @ is the proof object). Then
there exist maps (where |I'| denotes the length of a given context I)

I well-formed context —+—  [I'] c U

(F well-formed context, v € [I],
e s.t. Fl—e:aforsomea) = [[F}_e]]“/er

where e ranges over the expressions of CICY.) so that:
g 14 w

i. if 't a: Uy, then [I'+ o], C {e}
it. if ' e: o, and if Ky, s k-correct for a sufficiently large k, then for all vy € [I'], [I" €], €
[I"F o],
iii. if ' b e =€, and if Ky, is k-correct for a sufficiently large k, then for all v € [IT7],
[I'+Fe]ly =10+ €],.

In the proof of Fact 2 in [2], [I'], [I" F- €], are defined by mutual recursion. The intended meaning
is that [I" - €], is the set that represents e whenever the variables that appear free in it (which
are typed in the context I') are interpreted in accordance with «; and [I'] is the set of vectors
of the possible set-theoretical interpretations of the variables it types.

In the rest of this section, we will use the particular definition of [-] given in the proof of
Fact 2.

In particular, by explicitly doing the calculations, one finds that

Lemma 3. There is a countable set @ s.t., for any well-formed context I" and v € [I'], [I" F
N], = &. Furthermore, there is a bijection w — &, n — W s.t.:

- ["'+0], =0.
- S=[I'FS], is the map @ — & given by S(M) =n + 1.
— +=[I'F +], is the map & — & given by +(n)(M)

— X =[I'F x], is the map & — & given by x(n)(m)

Y
_S‘-‘r
3

We can now undertake the step (ii) of the proof:

Lemma 4. Let ¢ be an arithmetic formula with free number variables in (x;)i=1..p, and free
subset variables in (P;);j=1..q; let moreover ny,...,n, € w, A1,..., Ay € p(w); then, if Kk, is
k-correct for a sufficiently large k,

oe[[a:i:N...,Pj:Set N}_SOW]]TTL,T] <~ goz[nl/xz,Aj/Pj]



The proof is by structural recursion. The base step follows from showing that, for any term ¢, one
has [x; : N... b tw]s... = tz[ni/x;...] which follows using the fact that @ is “well-behaved”
with respect to the arithmetic operations.

Proof (Theorem 1<=). Let ¢ be an arithmetic formula with no free variables, and assume that
pc is inhabited by e : pc. Now, working in ZFC,,, we set out to prove .

Using the Lemma 2, we can pick an F €' : ¢ . In order to use the map [-], let v be an
universe valuation that sets all universe variables to 0, and + (¢}, : pw (see the theorems
6.2 and 6.3 in [2]). Now assume that k,, is k-correct for a sufficiently large k as to satisfy the
hypothesis of Fact 2. Let p = [ (¢’),](), and by Fact 2,(ii) one has that p € [ ¢w](); but, by
(i), [ ewl( C {e}, hence p = e, and by the Lemma 4 then ¢z is true.

We have now proven that ZFC,, shows ¢z if p¢ is inhabited. O
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