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. Phn]
Plan of the talk

The goal of this talk is to present the package ToricAtiyahBott.jl (see
Muratore (2024)). It allows to compute Gromov—Witten invariants of
genus 0 of smooth projective toric varieties.
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Plan of the talk

The goal of this talk is to present the package ToricAtiyahBott.jl (see
Muratore (2024)). It allows to compute Gromov—Witten invariants of
genus 0 of smooth projective toric varieties.

The plane of the talk is the following.

@ Toric varieties.
@ Gromov-Witten invariants (GW invariants).

© Examples and possible expansions.
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Definition of toric variety

Definition

Let X be a normal complex algebraic variety. We say that X is a toric
variety if:

e X contains a torus T := (C\{0})" as a dense open subset,

@ there exists a transitive action of T on itself extending to the whole X.
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Definition of toric variety

For each toric variety there is canonical way to define a fan X of cones in
Z", unique modulo isomorphism. Vice versa, fans of cones in Z" define a
toric variety. So, all properties of a toric variety are coded in its fan.
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Definition of toric variety

For each toric variety there is canonical way to define a fan X of cones in
Z", unique modulo isomorphism. Vice versa, fans of cones in Z" define a
toric variety. So, all properties of a toric variety are coded in its fan.

Some natural constructions (blow-up, direct product, projectivization of a
direct sum of line bundles,...) are closed in the category of toric varieties.
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Example

The projective space P" contains the torus
T={[1:x1:...:xp] € P"/x; # 0} = (C\{0})".
The standard action of T on P is:

T X P" — P"

(trontn) X Doixat..oix] = [o:fho ]
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Example

T X P" — P"
(troitn) X [Poixat...ix] = [o:fhio ]

The n+ 1 points go=[1:0:...:0],g1 =[0:1:0:...:0],... are fixed.
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Example
T X pn — "
(troitn) X [Poixat...ix] = [o:fhio ]
The n+ 1 points go=[1:0:...:0],g1 =[0:1:0:...:0],... are fixed.

Moreover, the line through two fixed points is invariant under T.
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Example

Every smooth projective toric surface is obtained from either:
o P2,
o P x P! or
o P(Op1(a) ® Opr) for a > 2,

by a finite sequence of blowups at fixed points.
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Example

Every smooth projective toric surface is obtained from either:
o P2,
o P x P! or
o P(Op1(a) ® Opr) for a > 2,
by a finite sequence of blowups at fixed points.
Note: A similar package only for GW invariants of P" is already available

(see, Muratore and Schneider (2022)). The new package extends the
applications of the old one.
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Properties

From now on, a toric variety X is smooth and projective. It satisfies the
following properties:

© The number of fixed points of the action T ~ X is finite and greater
or equal than two.

@ For each pair of fixed points, there exists at most one T-invariant
curve passing through them.

© Any T-invariant curve is smooth and rational, and passes through
exactly two fixed points.
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Properties

From now on, a toric variety X is smooth and projective. It satisfies the
following properties:

© The number of fixed points of the action T ~ X is finite and greater
or equal than two.

@ For each pair of fixed points, there exists at most one T-invariant
curve passing through them.
© Any T-invariant curve is smooth and rational, and passes through
exactly two fixed points.
In particular, any toric variety is also a GKM manifold. The contrary is not

true (e.g., Grassmannians other than P").
(GKM = Goresky—Kottwitz—MacPherson).
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Moduli of stable maps Definition and properties

Moduli space of stable maps of genus 0

We denote by Mo (X, 3) the moduli space of rational stable maps to X
of class 5 and m marks. That is, the moduli of maps p: C — X s.t.:
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Moduli of stable maps Definition and properties

Moduli space of stable maps of genus 0

We denote by Mo (X, 3) the moduli space of rational stable maps to X
of class 5 and m marks. That is, the moduli of maps p: C — X s.t.:

- C is a reduced, connected, projective 1-dimensional scheme with at most
nodal points and of genus 0,

- C has m marked points p; € C"8,

- the 1-cycle u.[C] is B,

- if E C C is an irreducible component mapped to a point, then E contains
at least three points among marks and intersection points with other
components.
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Moduli of stable maps Definition and properties

Moduli space of stable maps of genus 0

We denote by Mo (X, 3) the moduli space of rational stable maps to X
of class 5 and m marks. That is, the moduli of maps p: C — X s.t.:

- C is a reduced, connected, projective 1-dimensional scheme with at most
nodal points and of genus 0,

- C has m marked points p; € C"8,

- the 1-cycle u.[C] is B,

- if E C C is an irreducible component mapped to a point, then E contains
at least three points among marks and intersection points with other
components.

Two stable maps, (C, u, p1,...,pm) and (C', 1/, py, ..., pl,), are equivalent
if there exists an isomorphism ¢: C — C’ such that u = ¢/ o ¢ and

d(pi)=piforalli=1,....,m.
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Moduli of stable maps Definition and properties

Examples

o

Giosué Muratore (CMAFclO) Localization in toric GW theory 25/07/2024 10/21



Moduli of stable maps Definition and properties

Moduli space of stable maps of genus 0

Famous examples of this moduli space are:

Example

Mo o(P", 1) is (canonically isomorphic to) the Grassmannian of lines in P".
V.

Example

Mo 1(P", 1) is the universal family of the Grassmannian.

Example

Mo (P?,2) is the moduli space of complete conics in P2.
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Moduli of stable maps Definition and properties

Gromov—Witten invariants

Definition

We call a Gromov—Witten invariant the degree of the class P:

frosin”
Wo,m(XwB)

where P is a polynomial in the Chern classes of vector bundles.
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Moduli of stable maps Definition and properties

Gromov—Witten invariants

Definition

We call a Gromov—Witten invariant the degree of the class P:

frosin”
Wo,m(Xaﬁ)

where P is a polynomial in the Chern classes of vector bundles.

The moduli space Mg m(X,3) and the Gromov-Witten invariants play a
crucial role in theoretical physics (string theory) and algebraic geometry. In
particular, they are useful in enumerative problems.
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Moduli of stable maps Definition and properties

Gromov—Witten invariants

As an example, consider the maps ev;: Mo,m(X, 8) = X such that

er(Cnu7p17 . ')pm) = H(pj)
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Moduli of stable maps Definition and properties

Gromov—Witten invariants

As an example, consider the maps ev;: Mo,m(X, 8) = X such that

er(C7H7P17 . -aPm) = H(pj)

If Vi,...,V,, are vector bundles on X of ranks rq, ..., rm, then

/ en(@vi(VA)) - con(eviy(Vim)
MO,m(XWB)

is a Gromov—Witten invariant.
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Moduli of stable maps Definition and properties

Gromov—Witten invariants

How can we compute Gromov—Witten invariants?
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Moduli of stable maps Definition and properties

Gromov—Witten invariants

How can we compute Gromov—Witten invariants?

Using their properties, there are explicit formualae for computing some GW
invariants. Moreover, these formulae reveal hidden properties of X.
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Moduli of stable maps Definition and properties

Gromov—Witten invariants

How can we compute Gromov—Witten invariants?

Using their properties, there are explicit formualae for computing some GW
invariants. Moreover, these formulae reveal hidden properties of X.

The motivation for this project comes from the need to compute GW
invariants involving vector bundle and/or varieties where such formulae do
not apply.

Giosué Muratore (CMAFclO) Localization in toric GW theory 25/07/2024 14 /21



Moduli of stable maps Definition and properties

Gromov—Witten invariants

How can we compute Gromov—Witten invariants?

Using their properties, there are explicit formualae for computing some GW
invariants. Moreover, these formulae reveal hidden properties of X.

The motivation for this project comes from the need to compute GW
invariants involving vector bundle and/or varieties where such formulae do
not apply. Kontsevich adapted the classical Atiyah—Bott formula to
Mo.m(X, 8), we implemented it in this package (see Kontsevich 1995).
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e el
Kontsevich—Atiyah—Bott formula

The KAB formula works as follows.
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e el
Kontsevich—Atiyah—Bott formula

The KAB formula works as follows. -
By composition, the action of T lifts to an action of Mg (X, B):

vVt € Tat’(C7,U7p1>"'apm):(Cvtoﬂap17---7pm)-
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e el
Kontsevich—Atiyah—Bott formula

The KAB formula works as follows. -
By composition, the action of T lifts to an action of Mg (X, B):

vVt € Tyt’(C7,U7p17"'apm):(Cvtoﬂap17---7pm)-

There is a finite number of T-invariant subvarieties M4 C Mo m(X, )
parameterized by decorated graphs A.
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e el
Kontsevich—Atiyah—Bott formula

The KAB formula works as follows. -
By composition, the action of T lifts to an action of Mg (X, B):

vVt € Tyt’(C7,U7p17"'apm):(Cvtoﬂap17---7pm)-

There is a finite number of T-invariant subvarieties M4 C Mo m(X, )
parameterized by decorated graphs A.

A decorated graph is a simple graph with additional structures depending
on X, 3, m. For example, vertices are colored with the fixed points of X.
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e el
Kontsevich—Atiyah—Bott formula

The Kontsevich—Atiyah—Bott formula is
/ _ PT(N)
Mo,m(X,5) ~ Ciop(NA)(A)’

where PT(A) is the corresponding equivariant polynomial of P restricted to
My, and N, is the normal bundle of Mj.
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e el
Kontsevich—Atiyah—Bott formula

The Kontsevich—Atiyah—Bott formula is

/ _ PT(N)
Mo, m(X,B) A Ctop(N/\)(A)

where PT(A) is the corresponding equivariant polynomial of P restricted to
My, and N, is the normal bundle of Mj.

Roughly speaking, this formula permits to compute fM (X.5) P as sum of

rational polynomials with Q-coefficients and r mdetermmates. This sum
collapses to a rational number.
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e el
Example of Kontsevich—Atiyah—Bott formula

Let £ — Moo(P3, 1) be the Pliicker line bundle over the Grassmannian of
lines in P3.
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e el
Example of Kontsevich—Atiyah—Bott formula

Let £ — Moo(P3, 1) be the Pliicker line bundle over the Grassmannian of
lines in P3.
Thus

[ atey
Moo (PP3,1)

is equal to the number of lines meeting four general lines in P3.
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e el
Example of Kontsevich—Atiyah—Bott formula

If 9o, g1, g2, g3 are the fixed points of the T-action on P3, the decorated
graphs are:
N=qi— g 0<i<j<3.
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e el
Example of Kontsevich—Atiyah—Bott formula

If 9o, g1, g2, g3 are the fixed points of the T-action on P3, the decorated
graphs are:

N=gi — g 0<i<j<3.

Moreover, we can prove that

c(E)T(N) = A+ N,
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e el
Example of Kontsevich—Atiyah—Bott formula

Thus, applying the KAB formula we have:
E)T(N)*
[ -y e
MO,O(P371) A Ctop(N/\)(A)
(A + )\j)4

ocimies iy (Xi = M) () = Ax)
=2
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e el
Example of Kontsevich—Atiyah—Bott formula

Thus, applying the KAB formula we have:
E)T(N)*
[ -y e
MO,O(P371) A Ctop(N/\)(A)
_ (A + )\j)4

o<iTi<s Mz (A = M) () = Ax)
=2

This package performs this computation automatically.

Giosué Muratore (CMAFclO) Localization in toric GW theory 25/07/2024 19/21



(VT TRV IS EV MV ELEI  Kontsevich—Atiyah—Bott formula

The Package

We used OSCAR, in particular for computing the followings:
@ cohomology ring of X,

@ generators of the nef cone of X,

@ cohomology class of any curve passing through two fixed points.
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(VT TRV IS EV MV ELEI  Kontsevich—Atiyah—Bott formula
The Package

We used OSCAR, in particular for computing the followings:
@ cohomology ring of X,
@ generators of the nef cone of X,

@ cohomology class of any curve passing through two fixed points.

It could be possible to extend the package to GKM manifolds, provided

that Oscar supports the above tasks. The invariants of those manifolds are
very difficult to compute.
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