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Toric geometry ETH:iirich
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Toric geometry ETH:iirich

System of (nonlinear) System of linear
p0|yn0m|a| equatiOnS SR "X equations on an
on R” (or C") ~ algebraic variety

3+ 2tt, — 3t,t5 — 5tit, = 0

SN

(1), 1) € R?

{ 1 +41,t, + 34,15 + 2tt, = 0,
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Toric geometry ETH:iirich

System of (nonlinear) System of linear
polynomial equations — equations on an
on R” (or C") ~ algebraic variety

1 + 41,1, + 31,15 + 23, = 0,
3+ 2tt, — 3t,t5 — 5tit, = 0

SN

(1), 1) € R?

1 +4x+3y+2z=0,
34+42x—3y—5z=0

(x,y,2) € ¥y = {x’ —yz =0}
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Toric geometry ETH:iirich

System of (nonlinear) System of linear
pOlynOmlal equati()ns equatiOnS on an
on R” (or C") ~ algebraic variety

3+ 2tt, — 3t,t5 — 5tit, = 0

solutions =degY, = vol P

1 +4x+3y+2z=0,
34+42x—3y—5z=0

X, y,2) € Yy = {x? —yz =0}
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Why the monomial basis? ETHzirich

Solving polynomial systems in practice:

monomial basis: ill-conditioned
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Why the monomial basis? ETH:zirich

Solving polynomial systems in practice:

monomial basis: ill-conditioned Chebyshev basis: much better!
o . @
. Toric I Chebyshev Chebyshev
monomials - . o
® varieties I polynomials ® varieties
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Transition ETH:z(irich

monomial basis

a+bt®+ct!l =0

a+bx+cy=0for (x,y) € Ye.11)
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Transition ETH:z(irich

monomial basis : Chebyshev basis
a+bt®+ct!'!' =0 a+ bIg(t) + cTyy(1) =0
a+bx+cy=0for (x,y) € Y, a+bx+cy=0for (x,y) € Xg
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Chebyshev polynomials ETHziirich

Th(x) =1, T(x) = x,
T . (x)=2xT,(x)—T,_{(x)
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Chebyshev polynomials

To(x) =1,

1.0

Tyx) =1
Tl(x) — x 0.5
T,(x) = 2x* -1

Ty(x) = 4x° — 3x
Ty(x) =8x* = 8x*+ 1

-1.0r

T1(x) = X,
T . (x)=2xT,(x)—T,_{(x)
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Chebyshev polynomials ETHziirich

Th(x) =1, T (x) = x,

T . (x)=2xT,(x)—T,_{(x)
Monomial-like:

N r..x)=17 (x)=T(x)7T,(x)
L) =1 Trigonometric-like:
I(x) = x : T’ (x) = cos(n arccos x)
Ih(x) =2x"—1
— A3 |
T3(x) = 4x” — 3x x Orthogonal:
T,(x) = 8x* — 8x* + 1 N 1 dx T
. Tn(x)Tm(x) — _5n,m
I -1 \/ 1 —x2 2
—— Interlaced roots

-1.0 -0.5 0 0.5 1.0
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Chebyshev curves ETHziirich

Definition: Let A = (a4, ...,a,) € N* and consider the map ¢, : C> ¢t~ (Tal(t), Tas(t)) e C°.
The Chebyshev curve X, associated to A is the Zariski closure of the image of ¢,.
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Chebyshev curves ETHziirich

Definition: Let A = (a4, ...,a,) € N* and consider the map ¢, : C> ¢t~ (Tal(t), Tas(t)) e C°.
The Chebyshev curve X, associated to A is the Zariski closure of the image of ¢,.

Theorem (Freudenburg x2): If A = (a;,a,) € N* are coprime, then X, = (T, (x) - T, (v) = 0}
and it is irreducible. All its singularities are nodes.
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Chebyshev curves ETHziirich

Definition: Let A = (a4, ...,a,) € N* and consider the map ¢, : C> ¢t~ (Tal(t), Tas(t)) e C°.
The Chebyshev curve X, associated to A is the Zariski closure of the image of ¢,.

Theorem (Freudenburg x2): If A = (a;,a,) € N* are coprime, then X, = (T, (x) - T, (v) = 0}
and it is irreducible. All its singularities are nodes.

Theorem (Bel-Afia, M., Telen):
If A= (a,....,a) € N* and at least three entries are pairwise coprime,
then X, c C*is a smooth irreducible curve.

Equations Q

\ o \<: (2.5.8)
\\\ - N //
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Real points in the plane

Q: What about real solutions?

‘--‘.‘.‘

A = (5,3)
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Real points in the plane

Q: What about real solutions?

Chebyshev varieties

ETH:zurich
Theorem (Bel-Afia, M., Telen):
Chebyshev curves X, .., are hyperbolic
with respect to the origin Namely,
al (1) + bT, (?) =
has only real solutlons
’v vv A =(11,13)
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Real points in the plane ETHziirich

Q: What about real solutions? Theorem (Bel-Afia, M., Telen):
Chebyshev curves X, .., are hyperbolic

with respect to the origin Namely,
has only real solutlons

Lower bound
of a; for X,

9a2)

assuming a; < a,

»
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A = (19.23)
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Experiment: Real points ETHziirich

Let v € $*~1. How many real points does X, nvt have?

Ve

A=(237)
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Experiment: Real points ETHziirich

Let v € $*~1. How many real points does X, nvt have?

@ The real points of X, nv* are
at least 2 and at most 7.

A= (23.7)
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Experiment: Real points ETHziirich

Let v € $*~1. How many real points does X, nvt have?

@ The real points of X, nv* are
at least 2 and at most 7.

A=(237)

Conjecture: Let A = (o, ...,a,) € N* be such that 3 of its entries are pairwise coprime.

Any hyperplane through the origin intersects X, in at least mina; real points.
JELs]
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Chebyshev varieties @=@Ernayen ETH:irich

(112
A‘<213>
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Chebyshev varieties @=@Ernayen ETH:irich

_ (112
A‘<213>

i3 171 .33
(115, 1)1y, 1515
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Chebyshev varieties @=@Ernayen ETH:irich

_ (112
A‘<213>

(115,11, 1) (Tt (1), Tyt Ty (1), Ty(0) T

N\
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Chebyshev varieties @=@Ernayen ETH:irich

_ (112
A‘<213>

(115, 1)), 613 (TL(ﬁ)T;”(tz), TW, 5

(cos(,l,tl + 21,), cos(lt; + 11,), cos(2t; + ;,tz))

a

L\
[
oY)

L

»)

N
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Tensor product Chebyshev varieties ETHzirich

A=(a,...,a) eN>fullrank, ¢,o:C" 31— (T, (t)-...-T, @), ..., T, (t)-...-T, (1)) €C’
J—

X, @ = 1mage(¢,) C C°

N
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Tensor product Chebyshev varieties ETHzirich

A=(a,...,a) eN>fullrank, ¢,o:C" 31— (T, (t)-...-T, @), ..., T, (t)-...-T, (1)) €C’
J—

X, @ = 1mage(¢,) C C° dimX, o =n

deg X, o ="

6x*y — x37 — 48x°y° + 22x%y3 — 3x%y 4+ 20xy*z — 3xy%z 4+ 16y’ — 8y° — 2y’ +y3 =0
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Tensor product Chebyshev varieties ETHzirich

A=(a,...,a) eN>fullrank, ¢,o:C" 31— (T, (t)-...-T, @), ..., T, (t)-...-T, (1)) €C’
—

X, @ = 1mage(¢,) C C° dimX, o =n

deg X, o ="

6x*y — x37 — 48x%y° + 22x%y3 — 3x%y 4+ 20xy*z — 3xy?z + 16y’ — 8y° — 2y°72 +y° =0

Under certain conditions it is the BKK prediction,
otherwise you can refine it exploiting combinatorial properties.
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Tensor product Chebyshev varieties ETHzirich

A=(a,...,a) eN>fullrank, ¢,o:C" 31— (T, (t)-...-T, @), ..., T, (t)-...-T, (1)) €C’
—

X, @ = 1mage(¢,) C C° dimX, o =n

deg X, o ="

6x*y — x37 — 48x%y° + 22x%y3 — 3x%y 4+ 20xy*z — 3xy?z + 16y’ — 8y° — 2y°72 +y° =0

Under certain conditions it is the BKK prediction,
otherwise you can refine it exploiting combinatorial properties.

Equations: open guestion
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Trigonometric Chebyshev varieties ETHziirich

= (a, ....a;) € N full rank, ¢, .os: C" 21 (cos(a; - 1), ..., cos(a,- 1)) € C*

XA,cos — image(¢A) c
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Trigonometric Chebyshev varieties ETHziirich

= (a, ....a;) € N full rank, ¢, .os: C" 21 (cos(a; - 1), ..., cos(a,- 1)) € C*

XA,COS — imag€(¢A) C CS, dim XA,COS =7
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Trigonometric Chebyshev varieties ETHziirich

= (a, ....a;) € N full rank, ¢, .os: C" 21 (cos(a; - 1), ..., cos(a,- 1)) € C*

XA,COS — imag€(¢A) C CS, dim XA,COS =7

C° X (C*)°

U
Theorem (Bel-Afia, M., Telen): / \
X, .os C C’ Is the Zariski closure of the projection of |
= {(r,u) € C°X(C*Y’lue Y, u>—2ux;+1=0 for i=1,..,s) 7 X4 cos

onto C°. Moreover, X, . is irreducible.

toric
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Trigonometric Chebyshev varieties ETHziirich

= (a, ....a;) € N full rank, ¢, .os: C" 21 (cos(a; - 1), ..., cos(a,- 1)) € C*

XA,COS — imag€(¢A) C CS, dim XA,COS =7

Vol(conV(A U —A))
degzm-1nd A

d@g XA,cos —

Equations: Q

. " C?’ X (C*)*
Singularities:
9 Q u
Theorem (Bel-Afia, M., Telen): / \
X, .os C C’ Is the Zariski closure of the projection of
T = {(e,u) € CX (C¥) |u € Yy, ' —2ux.+1=0 for i=1,..,s) XA cos
onto C°. Moreover, X, . is irreducible. toric

_ 2
u; = x; £4/x°—1
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Experiment: solving systems ETH:ziirich

) = ¢+ ici,jTaj(t) =0, i=1,...,n, te’” f{t) = ¢;o+ ici,jcos(aj-t) =0, i=1,....,.n, teC”
j=1 =
S o e Y
PSS S ST SO X‘
TS O T8 ) ¢
E ' 'J ) ‘* ’ .‘ ‘»
I ‘ =P ® ”' | \\
2 oSN RN4L N
e M)\ ': \A’H“\‘ K “‘! =
A e R O3 b £
S ]»,Vﬁ 5 ‘ ‘\“‘ é
o \ LD A PN ~ \J Y
5 RSO w )
5 SAOESE " SOl N\ :
o) S >R Qe
n =2, Euclidean degree 30, n=2 A= (;‘ s §>, deg X, = 129,
deg X, = 1396, 382 real solutions. 258 complex solutions, 128 real solutions.

Chebyshev varieties 12 Chiara Meroni



Generalizations ETH:zlirich

On multivariate Chebyshev polynomials
and spectral approximations on triangles.
B.N. Ryland and H.Z. Munthe-Kaas (2010)

Sparse interpolation in terms of
multivariate Chebyshev polynomials.
E. Hubert and M.F. Singer (2022)

For the root system </, one has

1
TO,O —_ 6, Tl,o == X, TO,l =YV, Tl,l — ny — 3,
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Generalizations ETH:zlirich

On multivariate Chebyshev polynomials

and spectral approximations on triangles. Analogously for the basis of harmonic polynomials
B.N. Ryland and H.Z. Munthe-Kaas (2010)

Sparse interpolation in terms of Is (and how) the Real structure

multivariate Chebyshev polynomials. of the associated varieties rich?
E. Hubert and M.F. Singer (2022)

On fully real eigenconfigurations
of tensors.

K. Kozhasov(2018)

For the root system </, one has

1
TO,O — 6, Tl’o = X, TO,l =YV, Tl,l — ny — 3,

1 1 2 . .
A= (2 i 3) Real lines on random cubic surfaces.
R. Ait El Manssour, M. Belotti, CM(2021)
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